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A generalization of manifolds with corners
Dominic Joyce
Abstract
In conventional Differential Geometry one studies manifolds, locally
modelled on Rn, manifolds with boundary, locally modelled on [0,∞) ×
Rn−1, and manifolds with corners, locally modelled on [0,∞)k × Rn−k.
They form categories Man ⊂Manb ⊂Manc. Manifolds with corners X
have boundaries ∂X, also manifolds with corners, with dim ∂X=dimX−1.
We introduce a new notion of manifolds with generalized corners, or
manifolds with g-corners, extending manifolds with corners, which form
a category Mangc with Man ⊂ Manb ⊂ Manc ⊂ Mangc. Manifolds
with g-corners are locally modelled on XP = HomMon
(
P, [0,∞)
)
for P a
weakly toric monoid, where XP ∼= [0,∞)
k
× Rn−k for P = Nk × Zn−k.
Most differential geometry of manifolds with corners extends nicely to
manifolds with g-corners, including well-behaved boundaries ∂X. In some
ways manifolds with g-corners have better properties than manifolds with
corners; in particular, transverse fibre products in Mangc exist under
much weaker conditions than in Manc.
This paper was motivated by future applications in symplectic geom-
etry, in which some moduli spaces of J-holomorphic curves can be mani-
folds or Kuranishi spaces with g-corners rather than ordinary corners.
Our manifolds with g-corners are related to the ‘interior binomial va-
rieties’ of Kottke and Melrose [20], and the ‘positive log differentiable
spaces’ of Gillam and Molcho [6].
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1 Introduction
Manifolds with corners are differential-geometric spaces locally modelled on
Rnk = [0,∞)
k×Rn−k, just as manifolds are spaces locally modelled on Rn. Man-
ifolds with corners form a category Manc, containing manifolds Man ⊂Manc
as a full subcategory. Some references are Melrose [26–28] and the author [8].
This paper introduces an extension of manifolds with corners, called mani-
folds with generalized corners, ormanifolds with g-corners. They are differential-
geometric spaces locally modelled on XP = HomMon
(
P, [0,∞)
)
for P a weakly
toric monoid, whereMon is the category of (commutative) monoids, and [0,∞)
is a monoid under multiplication. When P = Nk × Zn−k we have XP ∼= R
n
k =
[0,∞)k × Rn−k, so the local models include those for manifolds with corners.
Manifolds with g-corners form a category Mangc, which contains manifolds
with corners Manc ⊂Mangc as a full subcategory.
To convey the idea, we start with an example:
Example 1.1. The simplest manifold with g-corners which is not a manifold
with corners is X =
{
(x1, x2, x3, x4) ∈ [0,∞)
4 : x1x2 = x3x4
}
. We have
X ∼= XP , where P is the monoid P =
{
(a, b, c) ∈ N3 : c 6 a+ b
}
.
Then X is 3-dimensional, and has four 2-dimensional boundary faces
X13=
{
(x1, 0, x3, 0) : x1, x3∈ [0,∞)
}
, X14=
{
(x1, 0, 0, x4) : x1, x4∈ [0,∞)
}
,
X23=
{
(0, x2, x3, 0) : x2, x3∈ [0,∞)
}
, X24=
{
(0, x2, 0, x4) : x2, x4∈ [0,∞)
}
,
and four 1-dimensional edges
X1 =
{
(x1, 0, 0, 0) : x1 ∈ [0,∞)
}
, X2 =
{
(0, x2, 0, 0) : x2 ∈ [0,∞)
}
,
X3 =
{
(0, 0, x3, 0) : x3 ∈ [0,∞)
}
, X4 =
{
(0, 0, 0, x4) : x4 ∈ [0,∞)
}
,
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all meeting at the vertex (0, 0, 0, 0) ∈ X . In a 3-manifold with (ordinary) corners
such as [0,∞)3, three 2-dimensional boundary faces and three 1-dimensional
edges meet at each vertex, so X has an exotic corner structure at (0, 0, 0, 0).
Most of the important differential geometry of manifolds with corners ex-
tends to manifolds with g-corners, and in some respects manifolds with g-corners
are better behaved than manifolds with corners. In particular, for manifolds
with corners, transverse fibre products X ×g,Z,h Y in Manc exist only under
restrictive combinatorial conditions on the boundary strata ∂jX, ∂kY, ∂lZ, but
for manifolds with g-corners, transverse fibre products X ×g,Z,h Y in Mangc
exist under much milder assumptions. One can in fact regard Mangc as being
a kind of closure of Manc under a certain class of transverse fibre products.
The author’s motivation for introducing manifolds with g-corners concerns
eventual applications in symplectic geometry. As we explain in §4.4, Kuranishi
spaces are a geometric structure on moduli spaces of J-holomorphic curves in
symplectic geometry, introduced by Fukaya, Oh, Ohta and Ono [3,4]. Finding a
good definition of Kuranishi space has a problem from the outset. Recently the
author gave a new definition [12], and explained that Kuranishi spaces should
be interpreted as derived smooth orbifolds, where ‘derived’ is in the sense of the
Derived Algebraic Geometry of Jacob Lurie and Toe¨n–Vezzosi.
Given a suitable category of manifolds, such as manifolds without bound-
ary Man or manifolds with corners Manc, the author [12] defines a 2-category
of Kuranishi spaces Kur or Kuranishi spaces with corners Kurc containing
Man ⊂ Kur and Manc ⊂ Kurc as full (2-)subcategories. Beginning with
manifolds with g-corners, the same construction yields a 2-category Kurgc
of Kuranishi spaces with g-corners Kurgc with full (2-)subcategories Kur ⊂
Kurc ⊂ Kurgc and Man ⊂Manc ⊂Mangc ⊂ Kurgc.
For some applications the author is planning, it will be important to work
in Kurgc rather than Kurc. One reason is that fibre products in Kurgc exist
under milder conditions than in Kurc (basically, some fibre products in Kurc
ought to be Kuranishi spaces with g-corners rather than ordinary corners, and
so exist in Kurgc but not in Kurc) and this is needed in some constructions.
A second reason is that some classes of moduli spaces of J-holomorphic
curves will be Kuranishi spaces with g-corners rather than ordinary corners.
Ma’u, Wehrheim and Woodward [23,24,32–34], study moduli spaces of pseudo-
holomorphic quilts, which are used to define actions of Lagrangian correspon-
dences on Lagrangian Floer cohomology and Fukaya categories.
Ma’u and Woodward [24] define moduli spaces Mn,1 of ‘stable n-marked
quilted discs’. As in [24, §6], for n > 4 these are not manifolds with corners,
but have an exotic corner structure; in the language of this paper, the Mn,1
are manifolds with g-corners. More generally, one should expect moduli spaces
of stable marked quilted J-holomorphic curves to be Kuranishi spaces with g-
corners. Pardon [31] uses moduli spaces of J-holomorphic curves with g-corners
to define contact homology of Legendrian submanifolds.
Manifolds with g-corners may also occur in moduli problems elsewhere in
geometry. Work of Chris Kottke (private communication) suggests that natural
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compactifications of SU(2) magnetic monopole spaces may have the structure
of manifolds with g-corners.
In [13] the author defines ‘M-homology’, a new homology theoryMH∗(Y ;R)
of a manifold Y and a commutative ring R, canonically isomorphic to ordinary
homology H∗(Y ;R). The chains MCk(Y ;R) for MH∗(Y ;R) are R-modules
generated by quadruples [V, n, s, t] for V an oriented manifold with corners (or
something similar) with dimV = n+k and s : V → Rn, t : V → Y smooth maps
with s proper near 0 in Rn. In future work the author will define virtual chains
for Kuranishi spaces in M-homology, for applications in symplectic geometry.
The set-up of [13] allows V to be a manifold with g-corners.
The inspiration for this paper came from two main sources. Firstly, Kottke
and Melrose [20, §9] define interior binomial varieties X ⊂ Y , which in our
language are a manifold with g-corners X embedded as a submanifold of a
manifold with corners Y . They study transverse fibre productsW = X×g,Z,hY
in Manc, and observe that often the fibre product may not exist as a manifold
with corners, but still makes sense as an interior binomial variety W ⊂ X × Y .
For Kottke and Melrose, the exotic corners of interior binomial varieties are a
problem to be eliminated, and one of their main results [20, §10] in our language
is essentially an algorithm to repeatedly blow up a manifold with g-corners
(interior binomial variety) X at its corner strata to obtain a manifold with
corners X˜. In contrast, we embrace manifolds with g-corners as an attractive
new idea, which are just as good as manifolds with corners for many purposes.
It seems clear from [20] that Kottke and Melrose could have written a paper
similar to this one, had they wanted to.
Kottke [19] translates the results of [20] into our language of manifolds with
g-corners and extends them, explaining how (after making some discrete choices)
to blow up a manifold with g-corners X to get a manifold with corners X˜ with
a proper, surjective blow-down map π : X˜ → X satisfying a universal property,
and that such blow-ups pull back by interior maps f : X1 → X2 in Man
gc.
Secondly, as part of a project to generalize logarithmic geometry in algebraic
geometry, Gillam and Molcho [6, §6] define a category of positive log differen-
tiable spaces, singular differential-geometric spaces with good notions of bound-
ary and corners. In their setting, manifolds with g-corners (or manifolds with
corners) correspond to positive log differentiable spaces which are log smooth (or
log smooth with free log structure). Their morphisms correspond to our interior
maps. Motivated by [6], the author learnt a lot of useful material on monoids
and log smoothness from the literature on logarithmic geometry, in particular
Ogus [30], Gillam [5], Kazuya Kato [17, 18] and Fumiharo Kato [15, 16].
We begin in §2 with background material on manifolds with corners. The
category Mangc of manifolds with g-corners is defined in §3. Section 4 studies
the differential geometry of manifolds with g-corners, including immersions, em-
beddings, submanifolds, and existence of fibre products under suitable transver-
sality conditions. Longer proofs of theorems in §4 are postponed to §5.
Acknowledgements. I would like to thank Lino Amorim and Chris Kottke for
helpful conversations, Paul Seidel for pointing out the references [23,24,32–34],
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and a referee for helpful comments. This research was supported by EPSRC
grants EP/H035303/1 and EP/J016950/1.
2 Manifolds with corners
We discuss the category of manifolds with corners, spaces locally modelled on
Rnk = [0,∞)
k × Rn−k for 0 6 k 6 n. Some references are Melrose [26–28] and
the author [8], [9, §5], [12, §3.1–§3.3].
2.1 The definition of manifolds with corners
We now define the category Manc of manifolds with corners. The relation of
our definitions to other definitions in the literature is explained in Remark 2.4.
Definition 2.1. Use the notation Rmk = [0,∞)
k × Rm−k for 0 6 k 6 m, and
write points of Rmk as u = (u1, . . . , um) for u1, . . . , uk ∈ [0,∞), uk+1, . . . , um ∈
R. Let U ⊆ Rmk and V ⊆ R
n
l be open, and f = (f1, . . . , fn) : U → V be a
continuous map, so that fj = fj(u1, . . . , um) maps U → [0,∞) for j = 1, . . . , l
and U → R for j = l + 1, . . . , n. Then we say:
(a) f is weakly smooth if all derivatives ∂
a1+···+am
∂u
a1
1 ···∂u
am
m
fj(u1, . . . , um) : U → R ex-
ist and are continuous in for all j = 1, . . . ,m and a1, . . . , am > 0, including
one-sided derivatives where ui = 0 for i = 1, . . . , k.
By Seeley’s Extension Theorem, this is equivalent to requiring fj to extend
to a smooth function f ′j : U
′ → R on open neighbourhood U ′ of U in Rm.
(b) f is smooth if it is weakly smooth and every u = (u1, . . . , um) ∈ U has an
open neighbourhood U˜ in U such that for each j = 1, . . . , l, either:
(i) we may uniquely write fj(u˜1, . . . , u˜m) = Fj(u˜1, . . . , u˜m)·u˜
a1,j
1 · · · u˜
ak,j
k
for all (u˜1, . . . , u˜m) ∈ U˜ , where Fj : U˜ → (0,∞) is weakly smooth
and a1,j , . . . , ak,j ∈ N = {0, 1, 2, . . .}, with ai,j = 0 if ui 6= 0; or
(ii) fj |U˜ = 0.
(c) f is interior if it is smooth, and case (b)(ii) does not occur.
(d) f is b-normal if it is interior, and in case (b)(i), for each i = 1, . . . , k we
have ai,j > 0 for at most one j = 1, . . . , l.
(e) f is strongly smooth if it is smooth, and in case (b)(i), for each j = 1, . . . , l
we have ai,j = 1 for at most one i = 1, . . . , k, and ai,j = 0 otherwise.
(f) f is simple if it is interior, and in case (b)(i), for each i = 1, . . . , k with
ui = 0 we have ai,j = 1 for exactly one j = 1, . . . , l and ai,j = 0 otherwise,
and for all j = 1, . . . , l we have ai,j = 1 for at most one i = 1, . . . , k.
Simple maps are strongly smooth and b-normal.
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(g) f is a diffeomorphism if it is a bijection, and both f : U → V and f−1 :
V → U are weakly smooth.
This implies that f, f−1 are also smooth, interior, b-normal, strongly
smooth, and simple. Hence, all the different definitions of smooth maps of
manifolds with corners we discuss yield the same notion of diffeomorphism.
All seven of these classes of maps f : U → V include identities, and are
closed under compositions from f : U → V , g : V → W to g ◦ f : U → W .
Thus, each of them makes the open subsets U ⊆ Rmk for all m, k into a category.
Definition 2.2. Let X be a second countable Hausdorff topological space. An
m-dimensional chart on X is a pair (U, φ), where U ⊆ Rmk is open for some
0 6 k 6 m, and φ : U → X is a homeomorphism with an open set φ(U) ⊆ X .
Let (U, φ), (V, ψ) be m-dimensional charts on X . We call (U, φ) and (V, ψ)
compatible if ψ−1 ◦ φ : φ−1
(
φ(U) ∩ ψ(V )
)
→ ψ−1
(
φ(U) ∩ ψ(V )
)
is a diffeomor-
phism between open subsets of Rmk ,R
m
l , in the sense of Definition 2.1(g).
An m-dimensional atlas for X is a system {(Ua, φa) : a ∈ A} of pairwise
compatible m-dimensional charts on X with X =
⋃
a∈A φa(Ua). We call such
an atlas maximal if it is not a proper subset of any other atlas. Any atlas
{(Ua, φa) : a ∈ A} is contained in a unique maximal atlas, the set of all charts
(U, φ) of this type on X which are compatible with (Ua, φa) for all a ∈ A.
An m-dimensional manifold with corners is a second countable Hausdorff
topological space X equipped with a maximal m-dimensional atlas. Usually we
refer to X as the manifold, leaving the atlas implicit, and by a chart (U, φ) on
X , we mean an element of the maximal atlas.
Now let X,Y be manifolds with corners of dimensions m,n, and f : X → Y
a continuous map. We call f weakly smooth, or smooth, or interior, or b-normal,
or strongly smooth, or simple, if whenever (U, φ), (V, ψ) are charts on X,Y with
U ⊆ Rmk , V ⊆ R
n
l open, then
ψ−1 ◦ f ◦ φ : (f ◦ φ)−1(ψ(V )) −→ V (2.1)
is weakly smooth, or smooth, or interior, or b-normal, or strongly smooth, or
simple, respectively, as maps between open subsets of Rmk ,R
n
l in the sense of Def-
inition 2.1. It is sufficient to check this on any collections of charts (Ua, φa)a∈A
covering X and (Vb, ψb)b∈B covering Y .
We call f : X → Y a diffeomorphism if f is a bijection and f : X → Y ,
f−1 : Y → X are weakly smooth. This implies that f, f−1 are also smooth,
interior, strongly smooth, and simple.
These seven classes of (a) weakly smooth maps, (b) smooth maps, (c) interior
maps, (d) b-normal maps, (e) strongly smooth maps, (f) simple maps, and (g)
diffeomorphisms, of manifolds with corners, all contain identities and are closed
under composition, so each makes manifolds with corners into a category.
In this paper, we work with smooth maps of manifolds with corners (as we
have defined them), and we writeManc for the category with objects manifolds
with corners X,Y, and morphisms smooth maps f : X → Y in the sense above.
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We will also write Mancin,Man
c
st,Man
c
is,Man
c
si for the subcategories of
Manc with morphisms interior maps, and strongly smooth maps, and interior
strongly smooth maps, and simple maps, respectively.
Write Mˇanc for the category whose objects are disjoint unions
∐∞
m=0Xm,
where Xm is a manifold with corners of dimension m, allowing Xm = ∅, and
whose morphisms are continuous maps f :
∐∞
m=0Xm →
∐∞
n=0 Yn, such that
f |Xm∩f−1(Yn) : Xm ∩ f
−1(Yn)→ Yn is a smooth map of manifolds with corners
for allm,n > 0. Objects of Mˇanc will be called manifolds with corners of mixed
dimension. We regard Manc as a full subcategory of Mˇanc.
Alternatively, we can regard Mˇanc as the category defined exactly as for
Manc above, except that in defining atlases {(Ua, φa) : a ∈ A} on X , we
omit the condition that all charts (Ua, φa) in the atlas must have the same
dimension dimUa = m.
We will also write Mˇancin, Mˇan
c
st, Mˇan
c
is, Mˇan
c
si for the subcategories of
Mˇanc with the same objects, and morphisms interior, or strongly smooth, or
interior strongly smooth, or simple maps, respectively.
Example 2.3. (i) f : R→ [0,∞), f(x) = x2 is weakly smooth but not smooth.
(ii) f : R→ [0,∞), f(x) = x2 + 1 is strongly smooth and interior.
(iii) f : [0,∞)→ [0,∞), f(x) = x2 is interior, but not strongly smooth.
(iv) f : ∗ → [0,∞), f(∗) = 0 is strongly smooth but not interior.
(v) f : ∗ → [0,∞), f(∗) = 1 is strongly smooth and interior.
(vi) f : [0,∞)2 → [0,∞), f(x, y) = x+ y is weakly smooth, but not smooth.
(vii) f : [0,∞)2 → [0,∞), f(x, y) = xy is interior, but not strongly smooth.
Remark 2.4. Some references on manifolds with corners are Cerf [1], Douady
[2], Gillam and Molcho [6, §6.7], Kottke and Melrose [20], Margalef-Roig and
Outerelo Dominguez [22], Melrose [26–28], Monthubert [29], and the author [8],
[9, §5]. Just as objects, without considering morphisms, most authors define
manifolds with corners as in Definition 2.2. However, Melrose [20, 25–28] and
authors who follow him impose an extra condition: in §2.2 we will define the
boundary ∂X of a manifold with corners X , with an immersion iX : ∂X → X .
Melrose requires that iX |C : C → X should be injective for each connected
component C of ∂X (such X are sometimes called manifolds with faces).
There is no general agreement in the literature on how to define smooth
maps, or morphisms, of manifolds with corners:
(i) Our notion of ‘smooth map’ in Definitions 2.1 and 2.2 is due to Melrose [27,
§1.12], [25, §1], [20, §1], who calls them b-maps.
Our notation of ‘interior maps’ and ‘b-normal maps’ is also due to Melrose.
(ii) Monthubert’s morphisms of manifolds with corners [29, Def. 2.8] coincide
with our strongly smooth b-normal maps.
(iii) The author [8] defined and studied ‘strongly smooth maps’ above (which
were just called ‘smooth maps’ in [8]).
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Strongly smooth maps were also used to define d-manifolds with corners
in the 2012 version of [9]. However, the final version of [9] will have a
different definition using smooth maps (i.e. Melrose’s b-maps).
(iv) Gillam and Molcho’s morphisms of manifolds with corners [6, §6.7] coin-
cide with our ‘interior maps’.
(v) Most other authors, such as Cerf [1, §I.1.2], define smooth maps of mani-
folds with corners to be weakly smooth maps, in our notation.
Remark 2.5. We can also define real analytic manifolds with corners, and real
analytic maps between them. To do this, if U ⊆ Rmk and V ⊆ R
n
l are open,
we define a smooth map f = (f1, . . . , fn) : U → V in Definition 2.4 to be real
analytic if each map fi : U → R for i = 1, . . . , n is of the form fi = f ′i |U , for U
′
an open neighbourhood of U in Rm and f ′i : U
′ → R real analytic in the usual
sense (i.e. the Taylor series of f ′i at x converges to f
′
i near x for each x ∈ U
′).
Then we define {(Ua, φa) : a ∈ A} to be a real analytic atlas on a topological
space X as in Definition 2.2, except that the transition functions φ−1b ◦ φa are
required to be real analytic rather than just smooth. We define a real analytic
manifold with corners to be a Hausdorff, second countable topological space X
equipped with a maximal real analytic atlas.
Given real analytic manifolds with corners X,Y , we define a continuous map
f : X → Y to be real analytic if whenever (U, φ), (V, ψ) are real analytic charts
on X,Y (that is, charts in the maximal real analytic atlases), the transition
map ψ−1 ◦ f ◦ φ in (2.1) is a real analytic map between open subsets of Rmk ,R
n
l
in the sense above. Then real analytic manifolds with corners and real analytic
maps between them form a category Mancra.
There is an obvious faithful functor FMan
c
Mancra
: Mancra → Man
c, which on
objects replaces the maximal real analytic atlas by the (larger) corresponding
maximal smooth atlas containing it. Note that given a smooth manifold with
corners X , making X into a real analytic manifold with corners is an additional
structure on X , a refinement of the maximal smooth atlas on X , which can be
done in many ways. So FMan
c
Mancra
is far from injective on objects. Essentially all
the material we discuss for manifolds with corners also works for real analytic
manifolds with corners, except for constructions requiring partitions of unity.
2.2 Boundaries and corners of manifolds with corners
The material of this section broadly follows the author [8], [9, §5].
Definition 2.6. Let U ⊆ Rnl be open. For each u = (u1, . . . , un) in U , define
the depth depthU u of u in U to be the number of u1, . . . , ul which are zero.
That is, depthU u is the number of boundary faces of U containing u.
Let X be an n-manifold with corners. For x ∈ X , choose a chart (U, φ) on
the manifold X with φ(u) = x for u ∈ U , and define the depth depthX x of x
in X by depthX x = depthU u. This is independent of the choice of (U, φ). For
each l = 0, . . . , n, define the depth l stratum of X to be
Sl(X) =
{
x ∈ X : depthX x = l
}
.
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Then X =
∐n
l=0 S
l(X) and Sl(X) =
⋃n
k=l S
k(X). The interior of X is X◦ =
S0(X). Each Sl(X) has the structure of an (n− l)-manifold without boundary.
Definition 2.7. Let X be an n-manifold with corners, x ∈ X , and k =
0, 1, . . . , n. A local k-corner component γ of X at x is a local choice of con-
nected component of Sk(X) near x. That is, for each sufficiently small open
neighbourhood V of x in X , γ gives a choice of connected component W of
V ∩ Sk(X) with x ∈ W , and any two such choices V,W and V ′,W ′ must be
compatible in that x ∈ (W ∩W ′).
Let depthX x = l. Choose a chart (U, φ) on X with (0, . . . , 0) ∈ U ⊆ R
n
l
open and φ(0, . . . , 0) = x. Then we have
Sk(U) =
∐
16a1<a2<···<ak6l
{
(u1, . . . , un) ∈ U : uai = 0, i = 1, . . . , k,
uj 6= 0, j ∈ {1, . . . , l} \ {a1, . . . , ak}
}
.
(2.2)
For each choice of a1, . . . , ak, the subset on the right hand of (2.2) contains
(0, . . . , 0) in its closure in U , and its intersection with a small ball about
(0, . . . , 0) is connected. Thus this subset determines a local k-corner compo-
nent of U at (0, . . . , 0), and hence a local k-corner component of X at x.
Equation (2.2) implies that all local k-corner components of U at (0, . . . , 0)
and X at x are of this form. Therefore, local k-corner components of U ⊆ Rnl
at (0, . . . , 0) are in 1-1 correspondence with subsets {a1, . . . , ak} ⊆ {1, . . . , l} of
size k, and there are
(
depthX x
k
)
distinct local k-corner components of X at x.
When k = 1, we also call local 1-corner components local boundary compo-
nents of X at x. There are depthX x distinct local boundary components of X
at x. By considering the local model Rnl , it is easy to see that there is a natural
1-1 correspondence between local k-corner components γ of X at x, and (un-
ordered) sets {β1, . . . , βk} of k distinct local boundary components β1, . . . , βk
of X at x, such that if V is a sufficiently small open neighbourhood of x in X
and β1, . . . , βk and γ give connected components W1, . . . ,Wk of V ∩S
1(X) and
W ′ of V ∩ Sk(X), then W ′ ⊆
⋂k
i=1Wi.
As sets, define the boundary ∂X and k-corners Ck(X) for k = 0, 1, . . . , n by
∂X =
{
(x, β) : x ∈ X , β is a local boundary component of X at x
}
, (2.3)
Ck(X) =
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x
}
, (2.4)
so that ∂X = C1(X). The 1-1 correspondence above shows that
Ck(X) ∼=
{
(x, {β1, . . . , βk}) : x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
.
(2.5)
Since each x ∈ X has a unique 0-boundary component, we have C0(X) ∼= X .
If (U, φ) is a chart on X with U ⊆ Rnl open, then for each i = 1, . . . , l we
can define a chart (Ui, φi) on ∂X by
Ui =
{
(v1, . . . , vn−1) ∈ R
n−1
l−1 : (v1, . . . , vi−1, 0, vi, . . . , vn−1) ∈ U ⊆ R
n
l
}
,
φi : (v1, . . . , vn−1) 7−→
(
φ(v1, . . . , vi−1, 0, vi, . . . , vn−1), φ∗({ui = 0})
)
.
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Similarly, if 0 6 k 6 l, then for each 1 6 a1 < · · · < ak 6 l we can define a
chart (U{a1,...,ak}, φ{a1,...,ak}) on Ck(X) by
U{a1,...,ak}=
{
(v1, . . . , vn−k)∈R
n−k
l−k : (v1, . . . , va1−1, 0, va1 , . . . , va2−2, 0,
va2−1, . . . , va3−3, 0, va3−2, . . . , vak−k, 0, vak−k+1, . . . , vn−k)∈U ⊆ R
n
l
}
,
φ{a1,...,ak} : (v1, . . . , vn−k) 7−→
(
φ(v1, . . . , va1−1, 0, va1 , . . . , va2−2, 0,
va2−1, . . . , va3−3, 0, va3−2, . . . , vak−k, 0, vak−k+1, . . . , vn−k),
φ∗({ua1 = · · · = uak = 0})
)
.
(2.6)
The families of all such charts on ∂X and Ck(X) are pairwise compatible, and
define atlases on ∂X and Ck(X). The corresponding maximal atlases make ∂X
into an (n− 1)-manifold with corners and Ck(X) into an (n− k)-manifold with
corners, with ∂X = C1(X) and C0(X) ∼= X as manifolds with corners.
We call X a manifold without boundary if ∂X = ∅, and a manifold with
boundary if ∂2X = ∅. We write Man and Manb for the full subcategories of
Manc with objects manifolds without boundary, and manifolds with boundary,
so that Man ⊂ Manb ⊂ Manc. This definition of Man is equivalent to the
usual definition of the category of manifolds.
Define maps iX : ∂X → X , Π : Ck(X) → X and ι : X → C0(X) by
iX : (x, β) 7→ x, Π : (x, γ) 7→ x and ι : x 7→ (x, [X◦]). Considering local models,
we see that iX ,Π, ι are are (strongly) smooth, but iX ,Π are not interior. Note
that these maps iX ,Π may not be injective, since the preimage of x ∈ X is
depthX x points in ∂X and
(
depthX x
k
)
points in Ck(X). So we cannot regard
∂X and Ck(X) as subsets of X .
Example 2.8. The teardrop T =
{
(x, y) ∈ R2 : x > 0, y2 6 x2 − x4
}
, shown
in Figure 2.1, is a manifold with corners of dimension 2. The boundary ∂T is
diffeomorphic to [0, 1], and so is connected, but iT : ∂T → T is not injective.
Thus T is not a manifold with faces, in the sense of Remark 2.4.
x
y
• //oo
OO

Figure 2.1: The teardrop, a 2-manifold with corners
If X is an n-manifold with corners, we can take boundaries repeatedly to
get manifolds with corners ∂X, ∂2X = ∂(∂X), ∂3X, . . . , ∂nX . To relate these
to the corners Ck(X), note that by considering local models U ⊆ R
n
l , it is easy
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to see that there is a natural 1-1 correspondence{
local boundary components of ∂X at (x, β)
}
∼={
local boundary components β′ of X at x with β′ 6= β
}
.
Using this and induction, we can show that there is a natural identification
∂kX ∼=
{
(x, β1, . . . , βk) :x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
,
(2.7)
where under the identifications (2.7), the map i∂k−1X : ∂
kX → ∂k−1X maps
(x, β1, . . . , βk) 7→ (x, β1, . . . , βk−1). From (2.7), we see that there is a natural,
free action of the symmetric group Sk on ∂
kX , by permutation of β1, . . . , βk.
The action is by diffeomorphisms, so the quotient ∂kX/Sk is also a manifold with
corners. Dividing by Sk turns the ordered k-tuple β1, . . . , βk into an unordered
set {β1, . . . , βk}. So from (2.5), we see that there is a natural diffeomorphism
Ck(X) ∼= ∂
kX/Sk. (2.8)
Corners commute with boundaries: there are natural isomorphisms
∂Ck(X) ∼= Ck(∂X) ∼=
{
(x, {β1, . . . , βk}, βk+1) : x ∈ X, β1, . . . , βk+1
are distinct local boundary components for X at x
}
.
(2.9)
Products X × Y of manifolds with corners are defined in the obvious way.
Boundaries and corners of products X × Y behave well. It is easy to see that
there is a natural identification{
local boundary components for X × Y at (x, y)
}
∼={
local boundary components for X at x
}
∐{
local boundary components for Y at y
}
.
Using this, from (2.3) and (2.5) we get natural isomorphisms
∂(X × Y ) ∼= (∂X × Y )∐ (X × ∂Y ), (2.10)
Ck(X × Y ) ∼=
∐
i,j>0, i+j=k Ci(X)× Cj(Y ). (2.11)
Next we consider how smooth maps f : X → Y of manifolds with corners
act on boundaries ∂X, ∂Y and corners Ck(X), Cl(Y ). The following lemma is
easy to prove from Definition 2.1(b). The analogue is false for weakly smooth
maps (e.g. consider f : R→ [0,∞), f(x) = x2, which is weakly smooth but not
smooth), so the rest of the section does not work in the weakly smooth case.
Lemma 2.9. Let f : X → Y be a smooth map of manifolds with corners.
Then f is compatible with the depth stratifications X =
∐
k>0 S
k(X),
Y =
∐
l>0 S
l(Y ) in Definition 2.6, in the sense that if ∅ 6= W ⊆ Sk(X) is a
connected subset for some k > 0, then f(W ) ⊆ Sl(Y ) for some unique l > 0.
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It is not true that general smooth f : X → Y induce maps ∂f : ∂X → ∂Y or
Ck(f) : Ck(Y )→ Ck(Y ) (although this does hold for simple maps, as in Propo-
sition 2.11(d)). For example, if f : X → Y is the inclusion [0,∞) →֒ R then no
map ∂f : ∂X → ∂Y exists, as ∂X 6= ∅ and ∂Y = ∅. So boundaries and k-corners
do not give functors on Manc. However, if we work in the enlarged category
Mˇanc of Definition 2.2 and consider the full corners C(X) =
∐
k>0 Ck(X), we
can define a functor.
Definition 2.10. Define the corners C(X) of a manifold with corners X by
C(X) =
∐dimX
k=0 Ck(X)
=
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x, k > 0
}
,
considered as an object of Mˇanc in Definition 2.2, a manifold with corners of
mixed dimension. Define Π : C(X)→ X by Π : (x, γ) 7→ x. This is smooth (i.e.
a morphism in Mˇanc) as the maps Π : Ck(X)→ X are smooth for k > 0.
Equations (2.9) and (2.11) imply that if X,Y are manifolds with corners, we
have natural isomorphisms
∂C(X) ∼= C(∂X), C(X × Y ) ∼= C(X)× C(Y ). (2.12)
Let f : X → Y be a smooth map of manifolds with corners, and suppose γ
is a local k-corner component of X at x ∈ X . For each sufficiently small open
neighbourhood V of x in X , γ gives a choice of connected component W of
V ∩Sk(X) with x ∈W , so by Lemma 2.9 f(W ) ⊆ Sl(Y ) for some l > 0. As f is
continuous, f(W ) is connected, and f(x) ∈ f(W ). Thus there is a unique local
l-corner component f∗(γ) of Y at f(x), such that if V˜ is a sufficiently small open
neighbourhood of f(x) in Y , then the connected component W˜ of V˜ ∩ Sl(Y )
given by f∗(γ) has W˜ ∩ f(W ) 6= ∅. This f∗(γ) is independent of the choice of
sufficiently small V, V˜ , so is well-defined.
Define a map C(f) : C(X)→ C(Y ) by C(f) : (x, γ) 7→ (f(x), f∗(γ)). Given
charts (U, φ) on X and (V, ψ) on Y , so that (2.1) gives a smooth map ψ−1◦f ◦φ,
then in the charts (U{a1,...,ak}, φ{a1,...,ak}) on Ck(X) and (V{b1,...,bl}, ψ{b1,...,bl})
on Cl(Y ) defined from (U, φ) and (V, ψ) in (2.6), we see that
ψ−1{b1,...,bl} ◦ C(f) ◦ φ{a1,...,ak} : (C(f) ◦ φ{a1,...,ak})
−1(ψ{b1,...,bl}(V{b1,...,bl}))
−→ V{b1,...,bl}
is just the restriction of ψ−1 ◦ f ◦ φ to a map from a codimension k boundary
face of U to a codimension l boundary face of V , and so is clearly smooth
in the sense of Definition 2.1. Since such charts (U{a1,...,ak}, φ{a1,...,ak}) and
(V{b1,...,bl}, ψ{b1,...,bl}) cover Ck(X) and Cl(Y ), it follows that C(f) is smooth
(that is, C(f) is a morphism in Mˇanc).
If g : Y → Z is another smooth map of manifolds with corners, and γ is a
local k-corner component of X at x, it is easy to see that (g ◦f)∗(γ) = g∗ ◦f∗(γ)
in local m-corner components of Z at g ◦ f(x). Therefore C(g ◦ f) = C(g) ◦
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C(f) : C(X) → C(Z). Clearly C(idX) = idC(X) : C(X) → C(X). Hence
C : Manc → Mˇanc is a functor, which we call the corner functor. We extend
C to C : Mˇanc → Mˇanc by C(
∐
m>0Xm) =
∐
m>0 C(Xm).
The following properties of the corner functor are easy to check using the
local models in Definition 2.1.
Proposition 2.11. Let f : X → Y be a smooth map of manifolds with corners.
(a) C(f) : C(X)→ C(Y ) is an interior map of manifolds with corners of mixed
dimension, so C is a functor C :Manc → Mˇancin.
(b) f is interior if and only if C(f) maps C0(X) → C0(Y ), if and only if the
following commutes:
X
ι
f
// Y
ι 
C(X)
C(f) // C(Y ).
Thus ι : Id⇒C is a natural transformation on Id, C|Manc
in
:Mancin→Mˇan
c
in.
(c) f is b-normal if and only if C(f) maps Ck(X)→
∐k
l=0 Cl(Y ) for all k.
(d) If f is simple then C(f) maps Ck(X)→ Ck(Y ) for all k > 0, and Ck(f) :=
C(f)|Ck(X) : Ck(X)→ Ck(Y ) is also a simple map.
Thus we have a boundary functor ∂ :Mancsi →Man
c
si mapping X 7→ ∂X
on objects and f 7→ ∂f := C(f)|C1(X) : ∂X → ∂Y on (simple) morphisms f :
X → Y, and for all k > 0 a k-corner functor Ck :Mancsi →Man
c
si mapping
X 7→ Ck(X) on objects and f 7→ Ck(f) := C(f)|Ck(X) : Ck(X) → Ck(Y ) on
(simple) morphisms.
(e) The following commutes:
C(X)
Π
C(f)
// C(Y )
Π 
X
f // Y.
Thus Π : C ⇒ Id is a natural transformation.
(f) The functor C preserves products and direct products. That is, if
f : W → Y, g : X → Y, h : X → Z are smooth then the following commute
C(W ×X)
∼=

C(f×h)
// C(Y × Z)
∼=

C(W )×C(X)
C(f)×C(h)
// C(Y )×C(Z),
C(Y × Z)
∼=

C(X)
C((g,h)) 22❞❞❞❞❞❞❞❞❞❞❞❞❞❞❞
(C(g),C(h)) ,,❩❩❩
❩❩❩❩❩❩
❩❩❩❩❩
C(Y )×C(Z),
where the columns are the isomorphisms (2.12).
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Example 2.12. (a) Let X = [0,∞), Y = [0,∞)2, and define f : X → Y by
f(x) = (x, x). We have
C0(X) ∼= [0,∞), C1(X) ∼= {0}, C0(Y ) ∼= [0,∞)
2,
C1(Y ) ∼=
(
{0} × [0,∞)
)
∐
(
[0,∞)× {0}
)
, C2(Y ) ∼= {(0, 0)}.
Then C(f) maps C0(X)→ C0(Y ), x 7→ (x, x), and C1(X)→ C2(Y ), 0 7→ (0, 0).
(b) LetX = ∗, Y = [0,∞) and define f : X → Y by f(∗) = 0. Then C0(X) ∼= ∗,
C0(Y ) ∼= [0,∞), C1(Y ) ∼= {0}, and C(f) maps C0(X)→ C1(Y ), ∗ 7→ 0.
Note that C(f) need not map Ck(X)→ Ck(Y ).
2.3 Tangent bundles and b-tangent bundles
Manifolds with corners X have two notions of tangent bundle with functorial
properties, the (ordinary) tangent bundle TX , the obvious generalization of
tangent bundles of manifolds without boundary, and the b-tangent bundle bTX
introduced by Melrose [26, §2.2], [27, §I.10], [25, §2]. Taking duals gives two
notions of cotangent bundle T ∗X, bT ∗X . First we discuss vector bundles:
Definition 2.13. Let X be an n-manifold with corners. A vector bundle E →
X of rank k is a manifold with corners E and a smooth (in fact strongly smooth
and simple) map π : E → X , such that each fibre Ex := π−1(x) for x ∈ X is
given the structure of a k-dimensional real vector space, and X may be covered
by open subsets U ⊆ X with diffeomorphisms π−1(U) ∼= U × Rk identifying
π|π−1(U) : π
−1(U)→ U with the projection U ×Rk → Rk, and the vector space
structure on Ex with that on {x} × R
k ∼= Rk, for each x ∈ U .
A section of E is a smooth map s : X → E with π ◦ s = idX . As a map of
manifolds with corners, s : X → E is automatically strongly smooth.
Morphisms of vector bundles, dual vector bundles, tensor products of vector
bundles, exterior products, and so on, all work as usual.
Write C∞(X) for the R-algebra of smooth functions f : X → R. Write
C∞(E) for the R-vector space of smooth sections s : X → E. Then C∞(E) is
a module over C∞(X).
Sometimes we also consider vector bundles of mixed rank E → X , in which
we allow the rank k to vary over X , so that E can have different ranks on
different connected components of X . This happens often when working with
objects X =
∐∞
m=0Xm in the category Mˇan
c from Definition 2.2, for instance,
the tangent bundle TX has rank m over Xm for each m.
Definition 2.14. Let X be an m-manifold with corners. The tangent bundle
π : TX → X of X is a natural (unique up to canonical isomorphism) rank m
vector bundle on X . Here are two equivalent ways to characterize TX :
(a) In coordinate charts: let (U, φ) be a chart on X , with U ⊆ Rmk open.
Then over φ(U), TX is the trivial vector bundle with basis of sections
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∂
∂u1
, . . . , ∂∂um , for (u1, . . . , um) the coordinates on U . There is a corre-
sponding chart (TU, Tφ) on TX , where TU = U × Rm ⊆ R2mk , such that
(u1, . . . , um, q1, . . . , qm) ∈ TU represents the vector q1
∂
∂u1
+ · · ·+ qm
∂
∂um
over (u1, . . . , um) ∈ U or φ(u1, . . . , um) ∈ X . Under change of coor-
dinates (u1, . . . , um)  (u˜1, . . . , u˜m) from (U, φ) to (U˜ , φ˜), the corre-
sponding change (u1, . . . , um, q1, . . . , qm)  (u˜1, . . . , u˜m, q˜1, . . . , q˜m) from
(TU, Tφ) to (T U˜, T φ˜) is determined by ∂∂ui =
∑m
j=1
∂u˜j
∂ui
(u1, . . . , um) ·
∂
∂u˜j
,
so that q˜j =
∑m
i=1
∂u˜j
∂ui
(u1, . . . , um)qi.
(b) Intrinsically in terms of germs: For x ∈ X , write C∞x (X) for the set
of germs [a] at x of smooth functions a : X → R defined near x ∈ X .
That is, elements of C∞x (X) are equivalence classes [a] of smooth functions
a : U → R in the sense of §2.1, where U is an open neighbourhood of x
in X , and a : U → R, a′ : U ′ → R are equivalent if there exists an open
neighbourhood U ′′ of x in U ∩ U ′ with a|U ′′ = a′|U ′′ . Then C∞x (X) is
a commutative R-algebra, with operations λ[a] + µ[b] = [λa + µb] and
[a] · [b] = [a · b] for [a], [b] ∈ C∞x (X) and λ, µ ∈ R. It has an evaluation
map ev : C∞x (X)→ R mapping ev : [a] 7→ a(x), an R-algebra morphism.
Then there is a natural isomorphism
TxX ∼=
{
v : v is a linear map C∞x (X)→ R satisfying
v([a]·[b])=v([a])ev([b])+ev([a])v([b]), all [a], [b]∈C∞x (X)
}
.
(2.13)
This also holds with C∞(X) in place of C∞x (X).
Also there is a natural isomorphism of C∞(X)-modules
C∞(TX) ∼=
{
v : v is a linear map C∞(X)→ C∞(X) satisfying
v(ab) = v(a) · b+ a · v(b) for all a, b ∈ C∞(X)
}
.
Elements of C∞(TX) are called vector fields.
Now suppose f : X → Y is a smooth map of manifolds with corners. We will
define a natural smooth map Tf : TX → TY so that the following commutes:
TX
π

Tf
// TY
π

X
f // Y.
For definition (a) of TX, TY , let (U, φ) and (V, ψ) be coordinate charts on X,Y
with U ⊆ Rmk , V ⊆ R
n
l , with coordinates (u1, . . . , um) ∈ U and (v1, . . . , vn) ∈
V , and let (TU, Tφ), (TV, Tψ) be the corresponding charts on TX, TY , with
coordinates (u1, . . . , um, q1, . . . , qm) ∈ TU and (v1, . . . , vn, r1, . . . , rn) ∈ TV .
Equation (2.1) defines a map ψ−1 ◦ f ◦ φ between open subsets of U, V . Write
ψ−1 ◦ f ◦ φ = (f1, . . . , fn), for fj = fj(u1, . . . , um). Then the corresponding
Tψ−1 ◦ Tf ◦ Tφ maps
Tψ−1 ◦ Tf ◦ Tφ : (u1, . . . , um, q1, . . . , qm) 7−→
(
f1(u1, . . . , um), . . . ,
fn(u1, . . . , um),
∑m
i=1
∂f1
∂ui
(u1, . . . , um)qi, . . . ,
∑m
i=1
∂fn
∂ui
(u1, . . . , um)qi
)
.
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For definition (b) of TX, TY , Tf acts as Tf : (x, v) 7→ (y, w) for y = f(x) ∈
Y and w = v ◦ f∗, where f∗ : C∞y (Y )→ C
∞
x (X) maps f
∗ : [a] 7→ [a ◦ f ].
If g : Y → Z is smooth then T (g ◦ f) = Tg ◦ Tf : TX → TZ, and T (idX) =
idTX : TX → TX . Thus, the assignment X 7→ TX , f 7→ Tf is a functor, the
tangent functor T :Manc →Manc. It restricts to T :Mancin →Man
c
in.
If f : X → Y is only weakly smooth, the same definition gives a weakly
smooth map Tf : TX → TY . We can also regard Tf as a vector bundle
morphism df : TX → f∗(TY ) on X .
The cotangent bundle T ∗X of a manifold with corners X is the dual vector
bundle of TX . Cotangent bundles T ∗X are not functorial in the same way,
though we do have vector bundle morphisms (df)∗ : f∗(T ∗Y )→ T ∗X on X .
Here is the parallel definition for b-(co)tangent bundles:
Definition 2.15. Let X be an m-manifold with corners. The b-tangent bundle
bTX → X of X is a natural (unique up to canonical isomorphism) rank m
vector bundle on X . It has a natural inclusion morphism IX :
bTX → TX ,
which is an isomorphism over the interior X◦, but not over the boundary strata
Sk(X) for k > 1. Here are three equivalent ways to characterize bTX, IX :
(a) In coordinate charts: let (U, φ) be a chart on X , with U ⊆ Rmk open.
Then over φ(U), bTX is the trivial vector bundle with basis of sections
u1
∂
∂u1
, . . . , uk
∂
∂uk
, ∂∂uk+1 , . . . ,
∂
∂um
, for (u1, . . . , um) the coordinates on U .
There is a corresponding chart (bTU, bTφ) on bTX , where bTU = U ×
Rm ⊆ R2mk , such that (u1, . . . , um, s1, . . . , sm) ∈
bTU represents the vector
s1u1
∂
∂u1
+ · · ·+ skuk
∂
∂uk
+ sk+1
∂
∂uk+1
+ · · ·+ sm
∂
∂um
over (u1, . . . , um) in
U or φ(u1, . . . , um) in X . Under change of coordinates (u1, . . . , um)  
(u˜1, . . . , u˜m) from (U, φ) to (U˜ , φ˜), the corresponding change (u1, . . . , um,
s1, . . . , sm) (u˜1, . . . , u˜m, s˜1, . . . , s˜m) from (
bTU, bTφ) to (bT U˜, bT φ˜) is
s˜j =
{∑k
i=1 u˜
−1
j ui
∂u˜j
∂ui
si +
∑m
i=k+1 u˜
−1
j
∂u˜j
∂ui
si, j 6 k,∑k
i=1 ui
∂u˜j
∂ui
si +
∑m
i=k+1
∂u˜j
∂ui
si, j > k.
The morphism IX :
bTX → TX acts in coordinate charts (bTU, bTφ),
(TU, Tφ) by
(u1, . . . , um, s1, . . . , sm) 7−→ (u1, . . . , um, q1, . . . , qm)
= (u1, . . . , um, u1s1, . . . , uksk, sk+1, . . . , sm).
(b) Intrinsically in terms of germs: Let x ∈ X . As in Definition 2.14(b),
write C∞x (X) for the set of germs [a] at x of smooth functions a : X → R.
Then C∞x (X) is an R-algebra, with evaluation map ev : C
∞
x (X) → R,
ev : [a] 7→ a(x). Also write Ix(X) for the subset of germs [b] at x ∈ X
of interior maps b : X → [0,∞). Then Ix(X) is a monoid with operation
multiplication [b] · [c] = [b · c] and identity [1]. It has an evaluation map
ev : Ix(X) → [0,∞), ev : [b] 7→ b(x), a monoid morphism. There is
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also an exponential map exp : C∞x (X) → Ix(X) mapping exp : [a] 7→
[exp a], which is a monoid morphism, regarding C∞x (X) as a monoid under
addition, and an inclusion map inc : Ix(X) → C∞x (X) mapping inc :
[b] 7→ [b], which is a monoid morphism, regarding C∞x (X) as a monoid
under multiplication.
Then there is a natural isomorphism
bTxX ∼=
{
(v, v′) : v is a linear map C∞x (X)→ R,
v′ is a monoid morphism Ix(X)→ R,
v([a]·[b])=v([a])ev([b])+ev([a])v([b]), all [a], [b]∈C∞x (X),
v′ ◦ exp([a]) = v([a]), all [a] ∈ C∞x (X), and
v ◦ inc([b]) = ev([b])v′
(
[b]
)
, all [b] ∈ Ix(X)
}
. (2.14)
Here in pairs (v, v′) in (2.14), v is as in (2.13). If [b] ∈ Ix(X) with
ev([b]) > 0, then [log b] ∈ C∞x (X) with v
′([b]) = v([log b]). So the extra
data in v′ is v′([b]) for [b] ∈ Ix(X) with ev([b]) = 0.
The morphism IX :
bTX → TX acts by IX : (v, v
′) 7→ v.
If X is a manifold with faces, as in Remark 2.4, then we can replace
C∞x (X), Ix(X) by C
∞(X), I(X), where I(X) is the monoid of interior
maps X → [0,∞). But if X does not have faces, in general there are too
few interior maps X → [0,∞) for the definition to work. This is why we
use germs C∞x (X), Ix(X) in (2.14).
(c) In terms of TX: there is a natural isomorphism of C∞(X)-modules
C∞(bTX)∼=
{
v∈C∞(TX) : v|Sk(X) is tangent to S
k(X) for all k
}
. (2.15)
Elements of C∞(bTX) are called b-vector fields.
The morphism IX :
bTX → TX induces (IX)∗ : C∞(bTX) → C∞(TX),
which under the isomorphism (2.15) corresponds to the inclusion of the
right hand side of (2.15) in C∞(TX).
In Definition 2.14, we defined Tf : TX → TY for any smooth (or even
weakly smooth) map f : X → Y . As in [25, §2], [20, §1] the analogue for b-
tangent bundles works only for interior maps f : X → Y . So let f : X → Y
be an interior map of manifolds with corners. We will define a natural smooth
map bTf : bTX → bTY so that the following commutes:
bTX
π
❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃ IX
''◆◆
◆◆◆
◆◆◆ bTf
// bTY
IY
&&◆◆
◆◆◆
◆◆◆
π
❂
❂❂
❂❂
❂❂
❂❂
❂❂
❂❂
TX
π
Tf // TY
π
X
f // Y.
For definition (a) of bTX, bTY above, let (U, φ) and (V, ψ) be coordinate
charts on X,Y with U ⊆ Rmk , V ⊆ R
n
l , with coordinates (u1, . . . , um) ∈
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U and (v1, . . . , vn) ∈ V , and let (bTU, bTφ), (bTV, bTψ) be the correspond-
ing charts on bTX, bTY , with coordinates (u1, . . . , um, s1, . . . , sm) ∈ bTU and
(v1, . . . , vn, t1, . . . , tn) ∈ bTV . Then (2.1) defines a map ψ−1 ◦ f ◦ φ between
open subsets of U, V . Write ψ−1 ◦ f ◦ φ = (f1, . . . , fn), for fj = fj(u1, . . . , um).
Then the corresponding bTψ−1 ◦ bTf ◦ bTφ maps
bTψ−1◦bTf ◦bTφ : (u1, . . . , um, s1, . . . , sm) 7−→(v1, . . . , vn, t1, . . . , tn),
where vj = fj(u1, . . . , um), j = 1 . . . , n,
and tj =
{∑k
i=1 f
−1
j ui
∂fj
∂ui
si +
∑m
i=k+1 f
−1
j
∂fj
∂ui
si, j 6 l,∑k
i=1 ui
∂fj
∂ui
si +
∑m
i=k+1
∂fj
∂ui
si, j > l.
(2.16)
Since f is interior, the functions f−1j ui
∂fj
∂ui
for i 6 k, j 6 l and f−1j
∂fj
∂ui
for i > k, j 6 l occurring in (2.16) extend uniquely to smooth functions of
(u1, . . . , um) where fj = 0, which by Definition 2.1(b)(i) is only where ui = 0
for certain i = 1, . . . , k. If f were not interior, we could have fj(u1, . . . , um) = 0
for all (u1, . . . , um), and then there are no natural values for f
−1
j ui
∂fj
∂ui
, f−1j
∂fj
∂ui
(just setting them zero is not functorial under change of coordinates), so we
could not define bTf .
For definition (b) of bTX, bTY , bTf acts by bTf : (x, v, v′) 7→ (y, w,w′)
for y = f(x), w = v ◦ f∗ and w′ = v′ ◦ f∗, where composition with f maps
f∗ : C∞y (Y )→ C
∞
x (X), f
∗ : Iy(Y )→ Ix(X), as f is interior.
If g : Y → Z is another interior map then bT (g ◦ f) = bTg ◦ bTf : bTX →
bTZ, and bT (idX) = idbTX :
bTX → bTX . Thus, writing Mancin for the
subcategory ofManc with morphisms interior maps, the assignmentX 7→ bTX ,
f 7→ bTf is a functor, the b-tangent functor bT : Mancin → Man
c
in. The
maps IX :
bTX → TX give a natural transformation I : bT → T of functors
on Mancin.
We can also regard bTf as a vector bundle morphism bdf : bTX → f∗(bTY )
on X . The b-cotangent bundle bT ∗X of X is the dual vector bundle of bTX .
B-cotangent bundles bT ∗X are not functorial in the same way, though we do
have vector bundle morphisms (bdf)∗ : f∗(bT ∗Y )→ bT ∗X for interior f .
The next proposition describes the functorial properties of TX, bTX . The
proof is straightforward.
Proposition 2.16. (a) As in Definitions 2.14–2.15, we have tangent func-
tors T : Manc → Manc, T : Mˇanc → Mˇanc preserving the subcategories
Mancst,Man
c
in,Man
c
is, Mˇan
c
st, Mˇan
c
in, Mˇan
c
is, and b-tangent functors
bT :
Mancin →Man
c
in,
bT : Mˇancin → Mˇan
c
in preserving Man
c
is, Mˇan
c
is.
(b) The projections π : TX → X, π : bTX → X, zero sections 0 : X → TX,
0 : X → bTX, and inclusion IX : bTX → TX induce natural transformations
π : T =⇒ Id, π : bT =⇒ Id, 0 : Id =⇒ T, 0 : Id =⇒ bT, I : bT =⇒ T (2.17)
on the categories on which both sides are defined.
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(c) The functors T, bT preserve products and direct products in each cat-
egory. That is, there are natural isomorphisms T (W × X) ∼= TW × TX,
bT (W × X) ∼= bTW × bTX, such that if f : W → Y and g : X → Z are
smooth or interior then the following commute
T (W ×X)
∼=

T (f×g)
// T (Y × Z)
∼=

TW × TX
Tf×Tg // TY × TZ,
bT (W ×X)
∼=

bT (f×g)
// bT (Y × Z)
∼= 
bTW × bTX
bTf×bTg // bTY × bTZ,
and if f : X → Y, g : X → Z are smooth or interior then the following commute
TX
id

T (f,g)
// T (Y × Z)
∼= 
TX
(Tf,Tg) // TY × TZ,
bTX
id

bT (f,g)
// bT (Y × Z)
∼=

bTX
(bTf,bTg) // bTY × bTZ.
These isomorphisms T (W ×X) ∼= TW × TX, bT (W ×X) ∼= bTW × bTX are
also compatible with the natural transformations (2.17).
Remark 2.17. (i) It is part of the philosophy of this paper, following Melrose
[20, 26–28], that we prefer to work with b-tangent bundles bTX rather than
tangent bundles TX when we can. One reason for this, explained in §3.5, is
that for manifolds with g-corners in §3, the analogue of bTX behaves better
than the analogue of TX (which is not a vector bundle).
(ii) If f : X → Y is a smooth map of manifolds with corners, we can define
bTf : bTX → bTY only if f is interior. But C(f) : C(X)→ C(Y ) is interior for
any smooth f : X → Y by Proposition 2.11(a). Hence bT ◦ C(f) : bTC(X) →
bTC(Y ) is defined for all smooth f : X → Y , and we can use it as a substitute
for bTf : bTX → bTY when this is not defined.
Definition 2.18. A smooth map f : X → Y of manifolds with corners is called
e´tale if it is a local diffeomorphism. That is, f is e´tale if and only if for all
x ∈ X there are open neighbourhoods U of x in X and V = f(U) of f(x) in Y
such that f |U : U → V is a diffeomorphism (invertible with smooth inverse).
Here are two alternative characterizations of e´tale maps:
Proposition 2.19. Let f : X → Y be a smooth map of manifolds with corners.
Then the following are equivalent:
(i) f is e´tale;
(ii) f is simple (hence interior) and bdf : bTX → f∗(bTY ) is an isomorphism
of vector bundles on X ; and
(iii) f is simple and df : TX → f∗(TY ) is an isomorphism on X.
If f is e´tale, then f is a diffeomorphism if and only if it is a bijection.
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2.4 (B-)normal bundles of ∂kX,Ck(X)
Next we study normal bundles of ∂X, ∂kX and Ck(X) in X using (b-)tangent
bundles TX, bTX . For tangent bundles the picture is straightforward:
Definition 2.20. Let X be a manifold with corners. From §2.3, the map
iX : ∂X → X induces T iX : T (∂X)→ TX , which we may regard as a morphism
diX : T (∂X)→ i
∗
X(TX) of vector bundles on ∂X . This fits into a natural exact
sequence of vector bundles on ∂X :
0 // T (∂X)
diX // i∗X(TX)
πN // N∂X // 0, (2.18)
where N∂X → ∂X is the normal bundle of ∂X in X . While N∂X is not naturally
trivial, it does have a natural orientation by ‘outward-pointing’ normal vectors,
and so N∂X is trivializable. The dual vector bundle N
∗
∂X of N∂X is called the
conormal bundle of ∂X in X .
Similarly, we have projections Π : ∂kX → X and π1, . . . , πk : ∂kX → ∂X
mapping Π : (x, β1, . . . , βk) 7→ x and πi : (x, β1, . . . , βk) 7→ (x, βi) under the
identification (2.7). As for (2.18), we have a natural exact sequence
0 // T (∂kX)
dΠ // Π∗(TX)
πN // N∂kX // 0
of vector bundles on ∂kX , where N∂kX is the normal bundle of ∂
kX in X , a
vector bundle of rank k. Clearly, there is a natural isomorphism
N∂kX ∼=
⊕k
i=1 π
∗
i (N∂X), (2.19)
so that N∂kX is the direct sum of k trivializable line bundles, and is trivializable.
It has dual bundle N∗∂kX .
As in (2.8) the symmetric group Sk acts freely on ∂
kX , with Ck(X) ∼=
∂kX/Sk. The action of Sk lifts naturally to N∂kX , with N∂kX/Sk ∼= NCk(X),
the normal bundle of Ck(X) in X , in the exact sequence
0 // T (Ck(X))
dΠ // Π∗(TX)
πN // NCk(X)
∼= N∂kX/Sk // 0. (2.20)
The action of Sk on N∂kX ∼=
⊕k
i=1 π
∗
i (N∂X) permutes the k line bundles
π∗i (N∂X) for i = 1, . . . , k. Thus, NCk(X) does not have a natural decompo-
sition like (2.19) for k > 2. Similarly, N∗Ck(X)
∼= N∗∂kX/Sk.
For the corners C(X) =
∐dimX
k=0 Ck(X), we define vector bundles of mixed
rank NC(X), N
∗
C(X) on C(X) by NC(X)|Ck(X)=NCk(X), N
∗
C(X)|Ck(X)=N
∗
Ck(X)
.
As dimNCk(X) = dimX , these are objects of Man
c rather than Mˇanc.
Now let f : X → Y be a smooth map of manifolds with corners. Form the
diagram of vector bundles of mixed rank on C(X), with exact rows:
0 // T (C(X))
dC(f)

dΠ // Π∗(TX)
Π∗(df)

πN // NC(X)
NC(f)

// 0
0 //
C(f)∗
(T (C(Y )))
C(f)∗(dΠ) // C(f)
∗(Π∗(TY ))
= Π∗(f∗(TY ))
C(f)∗(πN )// C(f)
∗
(NC(Y ))
// 0.
(2.21)
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As the left hand square commutes, by exactness there is a unique morphism
NC(f) as shown making the diagram commute.
Suppose g : Y → Z is another smooth map of manifolds with corners. By
considering the diagram
0 // T (C(X))
dC(f)

dC(g◦f)

dΠ // Π∗(TX)
Π∗(df)

Π∗(d(g◦f))

πN // NC(X)
NC(f)

NC(g◦f)

// 0
0 //
C(f)∗
(T (C(Y )))
C(f)∗(dΠ) //
C(f)∗(dC(g))

C(f)∗(Π∗(TY ))
= Π∗(f∗(TY ))
C(f)∗(πN ) //
Π∗(Π∗(dg))

C(f)∗
(NC(Y ))
C(f)∗(NC(g))

// 0
0 //
C(g◦f)∗
(T (C(Z)))
C(g◦f)∗(dΠ) // C(g◦f)
∗(Π∗(TZ))
= Π∗((g◦f)∗(TZ))
C(g◦f)∗(πN )// C(g◦f)
∗
(NC(Z))
// 0,
and using uniqueness of NC(f) in (2.21), we see that
NC(g◦f) = C(f)
∗(NC(g)) ◦NC(f). (2.22)
We can also regard NC(f) as a morphism NC(f) : NC(X) → NC(Y ). Then
(2.22) implies that NC(g◦f) = NC(g) ◦NC(f) : NC(X) → NC(Z), so X 7→ NC(X),
f 7→ NC(f) is a functor NC : Man
c → Manc and NC : Mˇanc → Mˇanc. The
zero section z : C(X)→ NC(X) and projection π : NC(X) → C(X) give natural
transformations z : C ⇒ NC and π : NC ⇒ C. As in Propositions 2.11(f) and
2.16(c), one can show that NC preserves products and direct products.
Next we consider the analogue of the above for b-tangent bundles bTX ,
which is more subtle. As iX : ∂X → X is not interior, we do not have an
induced map bdiX :
bT (∂X) → i∗X(
bTX), so we cannot form the analogue of
(2.18) for bT (∂X). We begin with analogues of NC(X), NC(f) above:
Definition 2.21. Let X be an n-manifold with corners, and k = 0, . . . , n. As in
Definition 2.7, points of Ck(X) are pairs (x, γ) for x ∈ X and γ a local k-corner
component of X at x, and there is a natural 1-1 correspondence between such
γ and (unordered) sets {β1, . . . , βk} of k distinct local boundary components
β1, . . . , βk of X at x. Define a rank k vector bundle π :
bNCk(X) → Ck(X) over
Ck(X) to have fibre
bNCk(X)|(x,γ) the vector space with basis β1, . . . , βk for each
(x, γ) ∈ Ck(X) with γ corresponding to {β1, . . . , βk}. Considering local models,
we see that the total space of bNCk(X) is naturally an n-manifold with corners.
Points of bNCk(X) will be written (x, γ, b1β1+ · · ·+ bkβk) for (x, γ) ∈ Ck(X)
and b1, . . . , bk ∈ R, where γ corresponds to {β1, . . . , βk}. Since Ck(X) ∼=
∂kX/Sk by (2.8) there is an isomorphism
bNCk(X)
∼= (∂kX × Rk)/Sk, where
the symmetric group Sk acts on R
k by permuting the coordinates.
For reasons that will become clear in Proposition 2.22, we call bNCk(X) the
b-normal bundle of Ck(X) in X . The dual bundle
bN∗Ck(X) is called the b-
conormal bundle of Ck(X) in X .
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Define the monoid bundle MCk(X) as a subset in
bNCk(X) by
MCk(X) =
{
(x, γ, b1β1 + · · ·+ bkβk) ∈
bNCk(X) : bi ∈ N
}
,
where γ corresponds to {β1, . . . , βk} and N = {0, 1, 2, . . .}. It fibres over Ck(X)
with fibres Nk, and is a submanifold of bNCk(X) of dimension n− k. The ‘M ’ in
MCk(X) stands for monoid, as we will regard π : MCk(X) → Ck(X) as a locally
constant family of commutative monoids Nk over Ck(X), that is, each fibre
π−1(p) has a commutative, associative addition operation + with identity 0.
Define the dual monoid bundle M∨Ck(X) to be
M∨Ck(X) =
{
(x′, b) ∈ bN∗Ck(X) : x
′ ∈ Ck(X), b
(
MCk(X)|x′
)
⊆ N
}
.
It is a subbundle of bN∗Ck(X) with fibre N
k.
For more about monoids, see §3.1. The importance of the monoids MCk(X)
in understanding fibre products and blow-ups of manifolds with corners was
emphasized by Kottke and Melrose [20, §6], in their basic smooth monoidal
complexes. Gillam and Molcho [6] work with the dual monoids M∨Ck(X).
Define morphisms biT :
bNCk(X) → Π
∗(bTX) of vector bundles and biT :
MCk(X) → Π
∗(bTX) of monoids on Ck(X) as follows, where Π : Ck(X) → X
is the projection. Given (x, γ) ∈ Ck(X) where γ corresponds to {β1, . . . , βk},
choose local coordinates (x1, . . . , xn) ∈ R
n
l on X near x, where k 6 l 6 n with
x = (0, . . . , 0) and βi = {xi = 0} for i = 1, . . . , k. Then define
biT |(x,γ) : b1β1 + · · ·+ bkβk 7−→
∑k
i=1 bi · Π
∗(xi
∂
∂xi
).
One can show this is independent of the choice of coordinates. We can also
think of these as smooth maps biT :
bNCk(X) →
bTX , biT : MCk(X) →
bTX of
manifolds with corners. There is a dual morphism bi∗T : Π
∗(bTX∗)→ bN∗Ck(X).
In the next proposition, the local existence and uniqueness of bπT is easy to
check using a local model Rnl for X . The bottom row of (2.23) is (2.20). The top
row of (2.23) is the analogue of (2.20) for bTX, bT (Ck(X)) (note the reversal of
directions), and justifies calling bNCk(X) the b-normal bundle of Ck(X) in X .
Proposition 2.22. Let X be a manifold with corners, and k = 0, . . . , dimX.
Then there is a unique morphism bπT : Π
∗(bTX) → bT (Ck(X)) which makes
the following diagram of vector bundles on Ck(X) commute, with exact rows:
0 // bNCk(X)
0

biT
// Π∗(bTX)
Π∗(IX )

bπT
// bT (Ck(X))
ICk(X)
// 0
0 NCk(X)
oo Π∗(TX)
πNoo T (Ck(X))
dΠoo 0.oo
(2.23)
When k = 1, we have C1(X) ∼= ∂X and bNC1(X)
∼= O∂X , the trivial line
bundle on ∂X . So the top line of (2.23) becomes the exact sequence
0 // O∂X
biT // i∗X(
bTX)
bπT // bT (∂X) // 0
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of vector bundles on ∂X , the analogue of (2.18) for b-tangent spaces.
As for the NCk(X), the
bNCk(X) are functorial, but only for interior maps:
Definition 2.23. In Definition 2.21, set bNC(X) =
∐n
k=0
bNCk(X) and MC(X)
=
∐n
k=0MCk(X). Then
bNC(X) is an n-manifold with corners, and MC(X) an
object of Mˇanc. We have projections π : bNC(X),MC(X) → C(X), making
bNC(X) into a vector bundle of mixed rank over C(X), andMC(X) into a locally
constant family of commutative monoids over C(X).
Now let f : X → Y be an interior map of manifolds with corners. From
§2.2 C(f) : C(X) → C(Y ) is also interior, so from §2.3 we have smooth maps
bTf : bTX → bTY and bTC(f) : bTC(X) → bTC(Y ), which we may write as
vector bundle morphisms bdf : bTX → f∗(bTY ) on X and bdC(f) : bTC(X)→
C(f)∗(bTC(Y )) on C(X). Consider the diagram
0 // bNC(X)
bNC(f)

biT
// Π∗(bTX)
Π∗(bdf)

bπT
// bT (C(X))
bdC(f)

// 0
0 //
C(f)∗
(bNC(Y ))
C(f)∗(biT ) // C(f)
∗◦Π∗(bTY )
= Π∗◦f∗(bTY )
C(f)∗(bπT )// C(f)
∗
(bT (C(Y )))
// 0.
(2.24)
The rows come from the top row of (2.23) forX,Y , and are exact. One can check
using formulae in coordinates that the right hand square commutes. Thus by
exactness there is a unique map bNC(f) as shown making the diagram commute.
We can give a formula for bNC(f) as follows. Suppose x ∈ S
k′(X) ⊆ X with
f(x) = y ∈ Sl
′
(Y ) ⊆ Y . Then we may choose local coordinates (x1, . . . , xm) ∈
Rmk′ on X with x = (0, . . . , 0) and (y1, . . . , yn) ∈ R
n
l′ on Y with y = (0, . . . , 0), so
that x1, . . . , xk′ , y1, . . . , yl′ ∈ [0,∞) and xk′+1, . . . , xm, yl′+1, . . . , yn ∈ R. Write
f in coordinates as
(
f1(x1, . . . , xm), . . . , fn(x1, . . . , xm)
)
. As f is interior, Defi-
nition 2.1 shows that for j = 1, . . . , l′, near x = (0, . . . , 0) we have
fj(x1, . . . , xm) = Fj(x1, . . . , xm) ·
∏k′
i=1 x
ai,j
i ,
where Fj is smooth and positive and ai,j ∈ N. Since fj(0, . . . , 0) = 0, we see
that for each j = 1, . . . , l′ we have ai,j > 0 for some i = 1, . . . , k
′.
The local boundary components of X at x are βi := {xi = 0} for i =
1, . . . , k′, and of Y at y are β˜j := {yj = 0} for j = 1, . . . , l′. Let γ be a local
k-corner component of X at x corresponding to {βi1 , . . . , βik} for 1 6 i1 <
· · · < ik 6 k′, and γ˜ a local l-corner component of Y at y corresponding to
{β˜j1 , . . . , β˜jl} for 1 6 j1 < · · · < jl 6 l
′, so that (x, γ) ∈ Ck(X) and (y, γ˜) ∈
Cl(Y ), and suppose f∗(γ) = γ˜, so that C(f) : (x, γ) 7→ (y, γ˜). Then we can
check from the definitions that
{j1, . . . , jl} =
{
j ∈ {1, . . . , l′} : aic,j > 0, some c = 1, . . . , k
}
,
and bNC(f) acts by
bNC(f) :
(
x, γ, bi1βi1+ · · ·+bikβik
)
7−→
(
y, γ˜,
∑l
d=1
[∑k
c=1 aic,jdbic
]
β˜jd
)
. (2.25)
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Since ai,j ∈ N, bNC(f) maps MC(X) → C(f)
∗(MC(Y )). So write
MC(f) :=
bNC(f)|MC(X) :MC(X) → C(f)
∗(MC(Y )).
Note that f is simple if and only if MC(f) and
bNC(f) are isomorphisms.
Suppose g : Y → Z is another interior map. From the diagram
0 // bNC(X)
bNC(f)

bNC(g◦f)

biT
// Π∗(bTX)
Π∗(bdf)

Π∗(bd(g◦f))

bpiT
// bT (C(X))
bdC(f)

bdC(g◦f)

// 0
0 // C(f)∗(bNC(Y ))
C(f)∗(bNC(g))

C(f)∗(biT )
// C(f)∗◦Π∗(bTY )
C(f)∗(Π∗(bdg))

C(f)∗(bpiT )
// C(f)∗(bT (C(Y )))
C(f)∗(bdC(g))

// 0
0 // C(g◦f)∗(bNC(Z))
C(g◦f)∗(biT )
// C(g◦f)∗◦Π∗(bTZ)
C(g◦f)∗(bpiT )
// C(g◦f)∗(bT (C(Z))) // 0,
using the functoriality of C, bT , we find that bNC(g◦f) = C(f)
∗(bNC(g))◦
bNC(f),
and hence MC(g◦f) = C(f)
∗(MC(g)) ◦MC(f).
We can also interpret bNC(f) as a smooth map of manifolds with corners
bNC(f) :
bNC(X) →
bNC(Y ), andMC(f) as a morphismMC(f) :MC(X) →MC(Y )
in Mˇanc, both of which are interior as C(f) is. Then for interior f : X →
Y , g : Y → Z we have bNC(g◦f) =
bNC(g) ◦
bNC(f) :
bNC(X) →
bNC(Z).
Thus X 7→ bNC(X), f 7→
bNC(f) defines functors
bNC : Man
c
in → Man
c
in and
bNC : Mˇan
c
in → Mˇan
c
in, which we call the b-normal corner functors. Similarly
X 7→ MC(X), f 7→ MC(f) defines functors MC : Man
c
in, Mˇan
c
in → Mˇan
c
in,
which we call the monoid corner functors.
The dual bundles bN∗C(X),M
∗
C(X) are not functorial in the same way.
The next proposition is easy to check:
Proposition 2.24. Definition 2.23 defines functors bNC : Man
c
in → Man
c
in,
bNC : Mˇan
c
in → Mˇan
c
in and MC : Man
c
in, Mˇan
c
in → Mˇan
c
in, preserving (di-
rect) products, with a commutative diagram of natural transformations:
MC
inclusion
Π
(0❨❨❨❨
❨❨❨❨❨
❨❨❨
❨❨❨❨❨
❨❨❨❨❨
❨❨
C
zero section 0 .6❡❡❡❡❡❡❡❡❡❡❡❡
❡❡❡❡❡❡❡❡❡❡❡❡
zero section 0 (0❳
❳❳❳❳❳
❳❳❳❳❳
❳
❳❳❳❳❳
❳❳❳❳❳
❳❳ C.
bNC Π
.6❢❢❢❢❢❢❢❢❢❢❢❢
❢❢❢❢❢❢❢❢❢❢❢❢
Here is some similar notation to bNC(X),MC(X), but working over X rather
than C(X).
Definition 2.25. Let X be a manifold with corners. For x ∈ Sk(X) ⊆ X , let
β1, . . . , βk be the local boundary components of X at x, and define
bN˜xX =
{
b1β1 + · · ·+ bkβk : b1, . . . , bk ∈ R
}
,
bN˜>0x X =
{
b1β1 + · · ·+ bkβk : b1, . . . , bk ∈ [0,∞)
}
,
M˜xX =
{
b1β1 + · · ·+ bkβk : b1, . . . , bk ∈ N
}
,
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so that M˜xX ⊆ bN˜>0x X ⊆
bN˜xX . That is,
bN˜xX ∼= R
k is the vector space
with basis the local boundary components β1, . . . , βk at x, with dim
bN˜xX =
depthX x. We will think of M˜xX
∼= Nk as a toric monoid, as in §3.1.1 below,
with bN˜xX = M˜xX ⊗N R the corresponding real vector space, and bN˜>0x X ∼=
[0,∞)k as the corresponding rational polyhedral cone in bN˜xX , as in §3.1.4.
Now let f : X → Y be an interior map of manifolds with corners, and
x ∈ Sk(X) ⊆ X with f(x) = y ∈ Sl(Y ) ⊆ Y . Write β1, . . . , βk for the lo-
cal boundary components of X at x, and β′1, . . . , β
′
l for the local boundary
components of Y at y. We can choose local coordinates (x1, . . . , xm) ∈ R
m
k
near x in X with x = (0, . . . , 0), such that βi = {xi = 0} for i = 1, . . . , k,
and local coordinates (y1, . . . , yn) ∈ R
n
l near y in Y with y = (0, . . . , 0),
such that β′j = {yj = 0} for j = 1, . . . , l. Then as in §2.1, near x we may
write f in coordinates as f = (f1, . . . , fn), where for j = 1, . . . , l we have
fj(x1, . . . , xm) = Fj(x1, . . . , xm) · x
a1,j
1 · · ·x
ak,j
k for some ai,j ∈ N and positive
smooth functions Fj . Define a linear map
bN˜xf :
bN˜xX → bN˜yY by
bN˜xf : b1β1 + · · ·+ bkβk
7−→ (a1,1b1 + · · ·+ ak,1bk)β
′
1 + · · ·+ (a1,lb1 + · · ·+ ak,lbk)β
′
l ,
as for NC(f) in (2.25). Define
bN˜>0x f :
bN˜>0x X →
bN˜>0y Y and M˜xf : M˜xX →
M˜yY to be the restrictions of
bN˜xf to
bN˜>0x X and M˜xX . Note that f is simple
if and only if M˜xf : M˜xX → M˜yY is an isomorphism for all x ∈ X .
If g : Y → Z is another interior map of manifolds with corners then
bN˜x(g ◦f)=
bN˜yg ◦
bN˜xf,
bN˜>0x (g ◦f)=
bN˜>0y g ◦
bN˜>0x f, M˜x(g ◦f)=M˜yg ◦M˜xf,
and bN˜xidX ,
bN˜>0x idX , M˜xidX are identities. So the
bN˜xX,
bN˜>0x X, M˜xX,
bN˜xf,
bN˜>0x f, M˜xf are functorial.
We could define bN˜X =
{
(x, v) : x ∈ X , v ∈ bN˜xX
}
and bN˜f : bN˜X →
bN˜Y by bN˜f : (x, v) 7→ (f(x), bN˜xf(v)), and similarly for
bN˜>0X, bN˜>0f and
M˜X, M˜f , and these would also be functorial. However, in contrast to bNC(X)
above, these bN˜X, bN˜>0X would not be manifolds with corners, even of mixed
dimension, since the dimensions of the fibres bN˜xX,
bN˜>0x X vary discontinuously
with x in X . They are useful for stating conditions on interior f : X → Y .
3 Manifolds with generalized corners
We will now define a category Mangc of manifolds with generalized corners,
or manifolds with g-corners for short, which contains the manifolds with cor-
ners Manc of §2 as a full subcategory. We extend §2 to manifolds with g-
corners, with the exception of the ordinary tangent bundle TX and normal
bundle NC(X), which do not generalize well.
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3.1 Monoids
We now discuss monoids, from the point of view usual in the theory of loga-
rithmic geometry, in which they are basic objects. Some good references are
Ogus [30, §I], Gillam [5, §1–§2], and Gillam and Molcho [6, §1].
3.1.1 The basic definitions
Here are the basic definitions we will need in the theory of monoids.
Definition 3.1. A (commutative) monoid (P,+, 0) is a set P with a binary
operation + : P ×P → P and a distinguished element 0 ∈ P satisfying p+ p′ =
p′+p, p+(p′+p′′) = (p+p′)+p′′ and p+0 = 0+p = p for all p, p′, p′′ ∈ P . All
monoids in this paper will be commutative. Usually we write P for the monoid,
leaving +, 0 implicit.
A morphism of monoids µ : (P,+, 0) → (Q,+, 0) is a map µ : P → Q
satisfying µ(p+ p′) = µ(p) + µ(p′) for all p, p′ ∈ P and µ(0) = 0.
If p ∈ P and n ∈ N = {0, 1, . . .}, we write n · p =
p n copies q
p+ · · ·+ p, with 0 · p = 0.
A submonoid of a monoid P is a subset Q ⊆ P such that 0 ∈ Q and q+q′ ∈ Q
for all q, q′ ∈ Q. Then Q is also a monoid.
If Q ⊂ P is a submonoid, there is a natural quotient monoid Q/P and
surjective morphism π : P → P/Q, with the universal property that π(Q) = {0},
and if µ : P → R is a monoid morphism with µ(Q) = {0} then µ = ν ◦ π for
a unique morphism ν : P/Q → R. Explicitly, we may take P/Q to be the set
of ∼-equivalence classes [p] of p ∈ P , where p ∼ p′ if there exist q, q′ ∈ Q with
p+ q = p′ + q′ in P , and π : p 7→ [p].
A unit u in a monoid P is an element u ∈ P for which there exists v ∈ P
with u + v = 0. This v is unique, and we write it as −u. Write P× for the set
of all units in P . It is a submonoid of P .
Any abelian group G is a monoid. If P is a monoid, then P× is an abelian
group, and P is an abelian group if and only if P× = P .
If P is a monoid, there is a natural morphism of monoids π : P → P gp with
P gp an abelian group, with the universal property that if µ : P → G is a mor-
phism with G an abelian group, then µ = ν ◦π for a unique morphism of abelian
groups ν : P gp → G. This determines P gp, π up to canonical isomorphism.
Explicitly, we may take P gp to be the quotient monoid (P × P )/∆P , where
∆P = {(p, p) : p ∈ P} is the diagonal submonoid of P × P , and π : p 7→ [p, 0].
Let P be a monoid. Then:
(i) We call P finitely generated if there exists a surjective morphism π : Nk →
P for some k > 0. Any such π may be uniquely written π(n1, . . . , nk) =
n1 · p1 + · · ·+ nk · pk for p1, . . . , pk ∈ P , which we call generators of P .
If P is finitely generated then P gp is a finitely generated abelian group.
(ii) A finitely generated monoid P is called free if P ∼= Nk for some k > 0.
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(iii) We call P integral, or cancellative, if π : P → P gp is injective. Equiva-
lently, P is integral if p+ p′′ = p′ + p′′ implies p = p′ for p, p′, p′′ ∈ P . For
integral P , we can regard P as a subset of P gp.
(iv) We call P saturated if it is integral, and p ∈ P gp with n · p ∈ P ⊆ P gp for
n > 1 implies that p ∈ P ⊆ P gp.
(v) We call P torsion-free if P gp is torsion-free, that is, n · p = 0 for n > 1
and p ∈ P gp implies p = 0.
(vi) We call P sharp if P× = {0}. The sharpening P ♯ of P is P ♯ = P/P×, a
sharp monoid with surjective projection π : P → P ♯.
(vii) We call P a weakly toric monoid if it is finitely-generated, integral, satu-
rated, and torsion-free.
(viii) We call P a toric monoid if it is finitely-generated, integral, saturated,
torsion-free, and sharp. (Saturated and sharp together imply torsion-free.)
Note that definitions of toric monoids in the literature differ: some authors,
including Ogus [30], refer to our weakly toric monoids as toric monoids, and to
our toric monoids as sharp toric monoids.
Write Mon for the category of monoids, and Monfg,Monwt,Monto for
the full subcategories of finitely generated, weakly toric, and toric monoids,
respectively, so that Monto ⊂Monwt ⊂Monfg ⊂Mon.
If P is a toric monoid then P gp is a finitely generated, torsion-free abelian
group, so P gp ∼= Zk for k > 0. We define the rank of P to be rankP = k.
If P is weakly toric then P× ∼= Zl and P ♯ is a toric monoid, and the exact
sequence 0 → P× → P → P ♯ → 0 splits, so that P ∼= P ♯ × Zl for P ♯ a toric
monoid. We define rankP = rankP gp = rankP ♯ + l.
Here are some examples:
Example 3.2. (a) (Q,+, 0) is a non-finitely generated monoid. It is integral,
saturated, and torsion-free, but not sharp, as Q× = Q.
(b)
(
[0,∞), ·, 1
)
is a non-finitely generated monoid. (Note here that the monoid
operation is multiplication ‘ · ’ rather than addition, and the identity is 1 not
0.) We have [0,∞)gp = {0}, so [0,∞) is not integral, and [0,∞)× = (0,∞), so
[0,∞) is not sharp.
(c) Nk is a toric monoid for k = 0, 1, . . . , with (Nk)gp ∼= Zk.
(d) Zk is a finitely generated monoid. For instance, as generators take the k+1
vectors (1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 1), (−1,−1, . . . ,−1). Also Zk is
integral, saturated, and torsion-free. But Zk is not sharp, as (Zk)× = Zk 6= 0,
so Zk is weakly toric, but not toric.
(e) Set P = N ∐ {1′}, with ‘+’ as usual on N, and n + 1′ = 1′ + n = n+ 1 for
n > 0 in N, and 0 + 1′ = 1′ + 0 = 1′. Then P is a finitely generated monoid,
with generators 1, 1′, and is torsion-free and sharp. We have P gp = Z, with
π : P → P gp mapping π : n 7→ n for n ∈ N and π : 1′ 7→ 1. Then π(1) = π(1′),
so π : P → P gp is not injective, and P is not integral, or saturated, or toric.
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(f) Set P = {0, 1} with 0 + 0 = 0 and 1 + 0 = 0 + 1 = 1 + 1 = 1. Then P
is a finitely generated monoid with generator 1, torsion-free, and sharp. But
P gp = {0}, so P is not integral, saturated, or toric.
(g) P = {0, 2, 3, . . .} is a submonoid of N, with P gp = Z ⊃ P . It is finitely
generated, with generators 2,3, and is integral, torsion-free, and sharp. But it
is not saturated, since 1 ∈ P gp with 2 · 1 ∈ P but 1 6∈ P , so P is not toric.
(h) Set P = N ∐ {1′, 2′, 3′, . . .}, with m + n = (m + n), m′ + n = (m + n)′,
m+n′ = (m+n)′, m′+n′ = (m+n) for all m,n > 0 in N, and 0+p = p+0 = p
for p ∈ P . Then P is a finitely generated monoid, with generators 1, 1′, and is
integral, saturated, and sharp. We have P gp = Z × Z2, where π : P → P gp is
π(n) = (n, 0) and π(n′) = (n, α), writing Z2 = {0, α} with α + α = 0. Thus P
is not torsion-free, as 0 6= (0, α) ∈ P gp with 2 · (0, α) = 0, so P is not toric.
3.1.2 Duality
We discuss dual monoids, following Ogus [30, §2.2].
Definition 3.3. Let P be a monoid. The dual monoid, written P∨ or D(P ),
is the monoid Hom(P,N) of morphisms µ : P → N in Mon, with the obvious
addition (µ+ ν)(p) = µ(p) + ν(p) and identity 0(p) = 0.
If α : P → Q is a morphism of monoids, the dual morphism, written α∨ :
Q∨ → P∨ or D(α) : D(Q)→ D(P ), is α∨ : µ 7→ µ ◦ α for all µ : Q→ N.
Then D : Mon → Monop mapping P 7→ D(P ), α 7→ D(α) is a functor,
where Monop is the opposite category to Mon.
Define a morphism η(P ) : P → (P∨)∨ by η(P ) : p 7→
(
µ 7→ µ(p)
)
for p ∈ P
and µ ∈ P∨. Then η : IdMon ⇒ D ◦ D is a natural transformation of functors
Mon→Mon, where IdMon :Mon→Mon is the identity functor.
From Ogus [30, Th. 2.2.3] we may deduce:
Theorem 3.4. If P is a finitely generated monoid, then P∨ = D(P ) is toric.
Hence D : Mon → Monop restricts to Dfg : Monfg → (Monto)op and Dto :
Monto → (Monto)op. Also, the natural morphism η(P ) : P → (P∨)∨ is an
isomorphism if and only if P is a toric monoid. Thus ηto : IdMonto ⇒ D
to◦Dto
is a natural isomorphism of functors Monto → Monto, and Dto : Monto →
(Monto)op is an equivalence of categories.
Example 3.5. (a) (Nk)∨ ∼= Nk.
(b) (Zk)∨ = {0}, and more generally G∨ = {0} for any abelian group G.
(c) [0,∞)∨ = {0}.
Write Rtofg = D
to ◦ Dfg : Monfg →Monto, and Ifgto : Mon
to →֒Monfg for
the inclusion functor. Then for each P ∈Monfg and Q ∈Monto we have
Hom
(
Rtofg (P ), Q
)
= Hom
(
(P∨)∨, Q
)
∼= Hom(P,Q) = Hom
(
P, Ifgto(Q)
)
,
where in the second step we use that as Q is toric, any morphism P → Q factors
uniquely through the projection P → (P∨)∨. Thus Rtofg is a left adjoint for I
fg
to.
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3.1.3 Pushouts and fibre products of monoids
Next we discuss pushouts and fibre products of monoids. Some references are
Gillam [5, §1.2–§1.3] and Ogus [30, §1.1].
Theorem 3.6. (a) All direct and inverse limits exist in the categoryMon, so in
particular pushouts and fibre products exist. The construction of inverse limits,
including fibre products, commutes with the forgetful functor Mon → Sets.
Finite products and coproducts coincide in Mon.
(b) The category Monfg is closed under pushouts in Mon. Hence pushouts
exist in Monfg.
(c) The category Monto is not closed under pushouts in Monfg. Nonetheless,
pushouts exist in the category Monto, though they may not agree with the same
pushout in Monfg. If α : P → Q and β : P → R are morphisms in Monto
then Q ∐toP R
∼= Rtofg (Q ∐
fg
P R), where Q ∐
to
P R,Q ∐
fg
P R are the pushouts in
Monto,Monfg respectively, and Rtofg is as in §3.1.2.
(d) The categories Monfg and Monto are closed under fibre products in Mon.
Thus, fibre products exist in both Monfg and Monto, and can be computed as
fibre products of the underlying sets.
Proof. Part (a) can be found in Ogus [30, §1.1] or Gillam [5, §1.1–§1.2]. If
α : P → Q and β : P → R are morphisms in Mon, then as in [5, §1.3] the
pushout S = Q ∐α,P,β R is S = Q ⊕ R/ ∼, where ∼ is the smallest monoidal
equivalence relation on Q⊕R with (α(p), 0) ∼ (0, β(p)) for all p ∈ P . Actually
computing ∼ or Q∐P R explicitly can be tricky.
For (b), if S = Q ∐P R is as above with Q,R ∈ Mon
fg, and q1, . . . , qk,
r1, . . . , rl are generators for Q,R, then [q1, 0], . . . , [qk, 0], [0, r1], . . . , [0, rl] are
generators for S, so S ∈Monfg, and Monfg is closed under pushouts in Mon.
For (c), as Rtofg : Mon
fg → Monto has a right adjoint Ifgto from §3.1.2, it
takes pushouts in Monfg to pushouts in Monto. Thus, if P,Q,R ∈ Monto
then
Rtofg (Q ∐
fg
P R)
∼= Rtofg (Q)∐
to
Rto
fg
(P ) R
to
fg (R)
∼= Q∐toP R.
For (d), Gillam [5, Cor. 1.9.8] shows Monfg is closed under fibre products
in Mon. If µ : P → R and ν : Q → R are morphisms in Monto then the
fibre product P ×R Q in Mon is finitely generated, integral, and saturated
by Ogus [30, Th. 2.1.16(6)], and it is torsion-free and sharp as P ×R Q is a
submonoid of P ⊕Q, which is torsion-free and sharp since P,Q are toric. Hence
P ×R Q is toric, and Monto is closed under fibre products in Mon.
3.1.4 Toric monoids and rational polyhedral cones
Definition 3.7. Let Λ be a lattice (that is, an abelian group isomorphic to
Zk for k > 0), so that ΛR := Λ ⊗Z R is a real vector space isomorphic to R
k,
with a natural inclusion Λ →֒ ΛR. We identify Λ with its image in ΛR, so that
Λ ⊂ ΛR. We also have the dual lattice Λ
∗ := Hom(Λ,Z) and dual vector space
Λ∗R = Hom(ΛR,R), and we identify Λ
∗ with a subset of Λ∗R.
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A rational polyhedral cone in ΛR is a subset C ⊆ ΛR of the form
C =
{
λ ∈ ΛR : αi(λ) > 0, i = 1, . . . , k
}
, (3.1)
for some finite collection of elements α1, . . . , αk ∈ Λ∗. An integral polyhedral
cone CZ ⊆ Λ is a subset of the form CZ = C ∩ Λ for some rational polyhedral
cone C ⊆ ΛR. We call C or CZ pointed if C ∩ −C = {0} or CZ ∩ −CZ = {0}.
Note that an integral polyhedral cone CZ is a monoid, as it is a submonoid of Λ.
For C as in (3.1), a face of C is a subset D ⊆ C of the form
D =
{
λ ∈ ΛR : αi(λ) = 0, i ∈ J, αi(λ) > 0, i ∈ {1, . . . , k} \ J
}
,
for some J ⊆ {1, . . . , k}. That is, we require equality in some of the inequalities
in (3.1). Each face D of C is also a rational polyhedral cone, and the collection
of faces D ⊆ C is independent of the choice of α1, . . . , αk, for C fixed.
The next proposition is well known (see for instance Gillam [5, Proof of
Th. 1.12.3]). Gordan’s Lemma says that an integral polyhedral cone CZ is
finitely generated, and the rest of the proof that CZ is (weakly) toric is easy.
Proposition 3.8. A monoid P is weakly toric if and only if it is isomorphic to
an integral polyhedral cone CZ ⊂ Λ, and toric if and only if it is isomorphic to a
pointed integral polyhedral cone CZ ⊂ Λ. In both cases, we may take the lattice
Λ to be P gp, and α1, . . . , αk in (3.1) to be generators of the dual monoid P
∨.
Rational and integral polyhedral cones give us a geometric, visual way to
think about (weakly) toric monoids, as corresponding to a class of polyhedra in
Rn, and are particularly helpful for studying faces of (weakly) toric monoids.
3.1.5 Ideals, prime ideals, faces, and spectra of monoids
The next definition is taken from Ogus [30, §1.4] and Gillam [5, §2.1].
Definition 3.9. An ideal I of a monoid P is a subset I ( P such that for all
i ∈ I and p ∈ P we have p + i ∈ I. Then 0 /∈ I, as otherwise p = p + 0 ∈ I
for all p ∈ P , contradicting I 6= P . An ideal I is called prime if p, q ∈ P and
p+ q ∈ I imply that p ∈ I or q ∈ I.
A submonoid F ⊆ P is called a face of P if p, q ∈ P and p + q ∈ F imply
that p ∈ F and q ∈ F . If is easy to see that F ⊆ P is a face of P if and only if
I = P \F is a prime ideal in P . This gives a bijection F ←→ I = P \F between
faces F of P and prime ideals I in P .
The codimension codimF of a face F ⊆ P is the rank of the abelian group
(P/F )gp, which is defined when (P/F )gp is finitely generated. If P is toric
then rankF + codimF = rankP .
The union
⋃
α∈A Iα of any family Iα : α ∈ A of prime ideals in P is a prime
ideal in P . Dually, the intersection
⋂
α∈A Fα of any family Fα : α ∈ A of faces
of P is a face of P .
The minimal ideal in P is ∅, and the maximal ideal is P \ P×. Both are
prime. Dually, the maximal face in P is P , and the minimal face is P×.
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The spectrum SpecP is the set of all prime ideals of P , which under I 7→
F = P \ I is bijective to the set of faces of P .
There is a natural topology on SpecP called the Zariski topology, generated
by the open sets SJ = {I ∈ SpecP : J ⊆ I} for all ideals J ⊂ P .
If µ : P → Q is a morphism of monoids, and I is a (prime) ideal in Q, then
µ−1(I) is a (prime) ideal in P . Dually, if F is a face of Q, then µ−1(F ) is a face
of P . Defining Specµ : SpecQ → SpecP by Specµ : I 7→ µ−1(I), then Specµ
is continuous in the Zariski topologies. The natural projection π : P → P ♯
induces a homeomorphism Specπ : SpecP ♯ → SpecP .
The parts of the next lemma are proved in Gillam and Molcho [6, Lem.s
1.2.4 & 1.4.1], or are obvious.
Lemma 3.10. (i) Suppose F is a face of a monoid P . If P is finitely generated,
or integral, or saturated, or torsion-free, or sharp, or weakly toric, or toric, then
F is also finitely generated, . . . , toric, respectively.
(ii) Suppose F is a face of a finitely generated monoid P . If p1, . . . , pn generate
P, then {pi : pi ∈ F, i = 1, . . . , n} generate F .
(iii) If P is a finitely generated monoid, then SpecP is finite.
The next proposition summarizes some facts about (weakly) toric monoids,
which are well understood in toric geometry.
Proposition 3.11. Let P be a weakly toric monoid. Then:
(a) By Proposition 3.8 we may identify P ∼= C ∩Λ, where Λ = P gp is a lattice
and C ⊆ ΛR = Λ⊗Z R is a rational polyhedral cone. This identifies faces
F ⊆ P of the monoid P with subsets D∩Λ ⊂ C∩Λ where D ⊆ C is a face
of the rational polyhedral cone C as in Definition 3.7, and this induces a
1-1 correspondence between faces F of P and faces D of C.
(b) The faces F of P are exactly the subsets α−1(0) =
{
p ∈ P : α(p) = 0
}
for all α in P∨ = Hom(P,N), the dual monoid of P .
(c) Let F be a face of P, and write F∧ =
{
α ∈ P∨ : α|F = 0
}
. Then F∧ is
a face of P∨, with rankF∧ = rankP − rankF = codimF, and the map
F 7→ F∧ gives a 1-1 correspondence between faces of P and faces of P∨.
Now suppose P is toric. Then:
(d) Let Λ,ΛR, C be as in part (a). Write Λ
∗ = Hom(Λ,Z) for the dual lattice
and Λ∗R = Λ
∗ ⊗Z R = (ΛR)∗ for the dual vector space, and define
C∨ =
{
α ∈ Λ∗R : α(c) > 0 for all c ∈ C
}
.
Then C∨ is a rational polyhedral cone in Λ∗R, and there is a natural iso-
morphism P∨ ∼= C∨ ∩ Λ∗, where P∨ is the dual monoid of P .
(e) For each face F of P we have rankF =codimF∧, codimF =rankF∧.
(f) The isomorphism η(P ) : P → (P∨)∨ from Theorem 3.4 induces an iso-
morphism η(P )|F : F → (F∧)∧ for all faces F ⊆ P .
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3.1.6 Monoids and toric geometry
We now explain the connection between monoids and toric geometry over C.
This material will not be used later, but explains the term ‘toric monoid’, and
may be helpful to those already familiar with toric geometry. It also helps
motivate the definition of manifolds with g-corners in §3.2.
Let P be a weakly toric monoid. Define a commutative C-algebra C[P ] to be
the C-vector space with basis formal symbols ep for p ∈ P , with multiplication
ep · ep
′
= ep+p
′
and identity 1 = e0. Write ZP = SpecC[P ], as an affine C-
scheme, which is of finite type, reduced, and irreducible, as P is weakly toric.
There is a natural 1-1 correspondence between C-points of ZP (that is, al-
gebra morphisms x : C[P ]→ C), and monoid morphisms µ : P → (C, ·) (where
(C, ·) is C regarded as a monoid under multiplication, with identity 1), defined
by µ(p) = x(ep) ∈ C for all p ∈ P .
Define an algebraic C-torus TP to be TP = Hom(P,C
×), where C× = C\{0},
as an abelian group under multiplication. If P gp ∼= Zk then TP ∼= (C
×)k. There
is a natural action of TP on ZP , which on C-points acts by (t ·µ)(p) = t(p) ·µ(p)
for p ∈ P , where t ∈ TP = Hom(P,C
×) and µ ∈ Hom
(
P, (C, ·)
)
corresponds to
a C-point x of ZP . This TP -action makes ZP into an affine toric C-variety.
Every affine toric C-variety Z is isomorphic to some ZP , for a weakly toric
monoid P unique up to isomorphism, where P is toric if and only if TP has a
fixed point (necessarily unique) in ZP .
3.2 The model spaces XP , for P a weakly toric monoid
As in §2, manifolds with corners are locally modelled on [0,∞)k × Rn−k for
0 6 k 6 n. We will define manifolds with generalized corners in §3.3 to be
locally modelled on spaces XP depending on a weakly toric monoid P . This
section defines and studies these spaces XP , and ‘smooth maps’ between them.
Definition 3.12. Let P be a weakly toric monoid. Then as in §3.1, P is
isomorphic to a submonoid of Zk for some k > 0. In §3.3 we will suppose that
P is equal to a submonoid of some Zk. This is for set theory reasons: if X is
a manifold with g-corners, then without some such restriction on the monoids
P i, the maximal g-atlas {(P i, U i, φi) : i ∈ I} on X in Definition 3.19 would not
be a set, but only a proper class.
Define XP to be the set of monoid morphisms x : P → [0,∞), where(
[0,∞), ·
)
is the monoid [0,∞) with operation multiplication and identity 1.
Define the interior X◦P ⊂ XP of XP to be the subset of x with x(P ) ⊆ (0,∞) ⊂
[0,∞). For each p ∈ P , define a function λp : XP → [0,∞) by λp(x) = x(p).
Then λp+q = λp · λq for p, q ∈ P , and λ0 = 1.
Define a topology on XP to be the weakest topology such that λp : XP →
[0,∞) is continuous for all p ∈ P . This makes XP into a locally compact,
Hausdorff topological space, and X◦P is open in XP . If U ⊆ XP is an open set,
define the interior U◦ of U to be U◦ = U ∩X◦P .
Note that XP and U are not manifolds, in general, so smooth functions on
XP , U are not yet defined. Let f : U → R be a continuous function. We say
32
that f is a smooth function U → R if there exist r1, . . . , rn ∈ P , an open subset
W ⊆ [0,∞)n, and a smooth map g : W → R (in the usual sense, as in §2.1),
such that for all x ∈ U we have
(
x(r1), . . . , x(rn)
)
∈ W and
f(x) = g
(
x(r1), . . . , x(rn)
)
= g
(
λr1(x), . . . , λrn(x)
)
. (3.2)
We say that a continuous function f : U → (0,∞) is smooth if f is smooth as
a map U → R.
We say that a continuous function f : U → [0,∞) is smooth if on each
connected component U ′ of U , we either have f |U ′ = λp|U ′ ·h, where p ∈ P and
h : U ′ → (0,∞) is smooth, or f |U ′ = 0. Note that (as for manifolds of corners),
f is smooth as a map U → [0,∞) implies that f is smooth as a map f : U → R,
but not vice versa.
Now let Q be another weakly toric monoid, and V ⊆ XQ an open set. We
say that a continuous map f : U → V is smooth if λq ◦f : U → [0,∞) is smooth
for all q ∈ Q. We say that f is a diffeomorphism if f is invertible and f, f−1 are
smooth. We say that f is interior if f is smooth and f(U◦) ⊆ V ◦. The identity
map idU : U → U is smooth and interior.
Suppose R is a third weakly toric monoid, and W ⊆ XR an open set, and
g : V → W is smooth. It is easy to show that g ◦ f : U →W is smooth, that is,
compositions of smooth maps are smooth. Also compositions of diffeomorphisms
(or interior maps) are diffeomorphisms (or interior maps).
Remark 3.13. In §3.1.6, given a weakly toric monoid P , we defined an affine
toric C-variety ZP = Hom
(
P, (C, ·)
)
, acted on by an algebraic C-torus TP =
Hom(P,C×). This is related to XP above as follows. Write U(1) =
{
z ∈ C :
|z| = 1
}
⊂ C× and TRP = Hom(P,U(1)) ⊂ TP , so that T
R
P is a real torus, the
maximal compact subgroup of TP . Using C/U(1) ∼= [0,∞), we can show there
is a natural identification XP = Hom
(
P, ([0,∞), ·)
)
∼= ZP /TRP .
Thus, the spaces XP appear in the background of complex toric geometry,
and several topics treated below — for instance, the boundary and corners of
XP — are related to well known facts in toric geometry.
The next proposition gives an alternative description of the material of Def-
inition 3.12 in terms of choices of generators and relations for the monoids P,Q.
The presentation of Proposition 3.14 is often easier to work with, but that of
Definition 3.12 has the advantage of being intrinsic to the monoids P,Q, and
independent of choices of generators and relations.
Proposition 3.14. Suppose P is a weakly toric monoid. Choose generators
p1, . . . , pm for P, and a generating set of relations for p1, . . . , pm of the form
aj1p1 + · · ·+ a
j
mpm = b
j
1p1 + · · ·+ b
j
mpm in P for j = 1, . . . , k, (3.3)
where aji , b
j
i ∈ N for i = 1, . . . ,m and j = 1, . . . , k. Then:
(a) λp1 × · · · × λpm : XP → [0,∞)
m is a homeomorphism from XP to
X ′P =
{
(x1, . . . , xm) ∈ [0,∞)
m : x
aj1
1 · · ·x
ajm
m = x
bj1
1 · · ·x
bjm
m , j = 1, . . . , k
}
, (3.4)
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regarding X ′P as a closed subset of [0,∞)
m with the induced topology.
(b) Let U ⊆ XP be open, and write U ′ = (λp1 × · · · × λpm)(U) for the cor-
responding open subset of X ′P . Then a function f : U → R is smooth
in the sense of Definition 3.12 if and only if there exists an open neigh-
bourhood W of U ′ in [0,∞)m and a smooth map g : W → R in the
sense of §2.1, regarding W as a manifold with corners, such that f =
g ◦ (λp1 × · · · × λpm) : U → R. The analogues hold for f : U → (0,∞),
f : U → [0,∞) and g :W → (0,∞), g :W → [0,∞).
(c) Now let Q be another weakly toric monoid. Choose generators q1, . . . , qn
for Q. Let V ⊆ XQ be open. Then a map f : U → V is smooth in the
sense of Definition 3.12 if and only if there exists an open neighbourhood
W of U ′ in [0,∞)m and a smooth map g : W → [0,∞)n in the sense of
§2.1, such that (λq1 × · · · × λqn) ◦ f = g ◦ (λp1 × · · · ×λpm) : U → [0,∞)
n.
Proof. For (a), let x ∈ XP , so that x : P →
(
[0,∞), ·
)
is a monoid morphism,
and set xi = x(pi) = λpi(x) ∈ [0,∞) for i = 1, . . . ,m. Since x is a monoid
morphism, applying x to (3.3) gives x
aj1
1 · · ·x
ajm
m = x
bj1
1 · · ·x
bjm
m , as in (3.4). As
p1, . . . , pm generate P , and (3.3) is a generating set of relations, we see that
λp1 × · · · × λpm maps x 7→ (x1, . . . , xm), and gives a bijection XP → X
′
P .
Let p ∈ P . Then we may write p = c1p1 + · · · + cmpm for c1, . . . , cm ∈ N,
and λp =
(
xc11 · · ·x
cm
m
)
◦ (λp1 × · · · × λpm). The topology on XP is the weakest
for which λp : XP → [0,∞) is continuous for all p ∈ P . This is identified by
λp1 × · · · × λpm : XP → X
′
P with the weakest topology on X
′
P ⊆ [0,∞)
m such
that xc11 · · ·x
cm
m : X
′
P → [0,∞) is continuous for all c1, . . . , cm ∈ N. But by
taking ci = δij for j = 1, . . . ,m, we see this is just the topology on X
′
P induced
by the inclusion X ′P ⊆ [0,∞)
m, which proves (a).
For functions f : U → R in (b), the ‘if’ part is trivial, taking r1, . . . , rn in
Definition 3.12 to be p1, . . . , pm, with n = m. For the ‘only if’ part, let f : U →
R be smooth in the sense of Definition 3.12. Then f(x) = g′
(
x(r1), . . . , x(rn)
)
for all x ∈ U , where r1, . . . , rn ∈ P and g′ : W ′ → R is smooth for W ′ an open
neighbourhood of (λr1 × · · · × λrn)(U) in [0,∞)
n. Since p1, . . . , pm generate P
we may write rj =
∑m
i=1 cijpi for cij ∈ N, i = 1, . . . ,m, j = 1, . . . , n. Define
W ⊆ [0,∞)m and g :W → R by
W =
{
(x1, . . . , xm) ∈ [0,∞)
m : (xc111 · · ·x
cm1
m , . . . , x
c1n
1 · · ·x
cmn
m ) ∈W
′
}
,
g(x1, . . . , xm) = g
′
(
xc111 · · ·x
cm1
m , . . . , x
c1n
1 · · ·x
cmn
m
)
.
Then W is an open neighbourhood of U ′ in [0,∞)m and g is smooth, and
f = g ◦ (λp1 × · · · × λpm). This proves part (b) for f : U → R, and (b) for
f : U → (0,∞) follows.
For functions f : U → [0,∞) in (b), observe that if W ⊆ [0,∞)m is open
and connected and g : W → [0,∞) is smooth in the sense of §2.1 then either
we may write g(x1, . . . , xm) = x
c1
1 · · ·x
cm
m · h(x1, . . . , xm), where c1, . . . , cm ∈ N
and h : W → (0,∞) is smooth, or g = 0. Using this and the argument of the
first part of (b), we can prove (b) for f : U → [0,∞).
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For (c), first suppose f : U → V is a map, W is an open neighbourhood
of U ′ in [0,∞)m, and g : W → [0,∞)n is smooth in the sense of §2.1, with
(λq1×· · ·×λqn)◦f = g◦(λp1×· · ·×λpm) : U → [0,∞)
n. Write g = (g1, . . . , gn), so
that gi :W → [0,∞) is smooth. Then λqi ◦f = g◦(λp1×· · ·×λpm) : U → [0,∞),
so part (b) shows that λqi ◦ f : U → [0,∞) is smooth in the sense of Definition
3.12, for i = 1, . . . , n. Let q ∈ Q. Then we may write q = c1q1 + · · ·+ cnqn for
c1, . . . , cn ∈ N, as q1, . . . , qn generate Q. Then
λq ◦ f = (λq1 ◦ f)
c1 · · · (λqn ◦ f)
cn : U −→ [0,∞),
so λq ◦ f : U → [0,∞) is smooth as in Definition 3.12 as the λqi ◦ f are, and
f : U → V is smooth as in Definition 3.12. This proves the ‘if’ part of (c).
Next suppose f : U → V is smooth in the sense of Definition 3.12. Then
λqi ◦ f : U → [0,∞) is smooth as in Definition 3.12 for each i = 1, . . . , n,
so by (b) there exists Wi ⊆ [0,∞)m open and gi : Wi → [0,∞) smooth as
in §2.1 such that λqi ◦ f = gi ◦ (λp1 × · · · × λpm) : U → [0,∞). Set W =
W1 ∩ · · ·∩Wn and g = g1|W × · · ·× gn|W :W → [0,∞)n. Then g is smooth and
(λq1 × · · · × λqn) ◦ f = g ◦ (λp1 × · · · × λpm) : U → [0,∞)
n, proving the ‘only if’
part of (c), and completing the proof of the proposition.
Example 3.15. (i)When P = N, points of XN are monoid morphisms x : N→(
[0,∞), ·
)
, which may be written uniquely in the form x(m) = ym, m ∈ N, for
y ∈ [0,∞). This gives an identification XN ∼= [0,∞) mapping x 7→ y = x(1).
In Proposition 3.14, we may take P = N to be generated by p1 = 1, with
no relations. Then part (a) shows that λ1 : XN → X ′N = [0,∞) is a homeomor-
phism, the same identification XN ∼= [0,∞) as above.
(ii) When P = Z, points of XZ are monoid morphisms x : Z →
(
[0,∞), ·
)
,
which may be written uniquely in the form x(m) = emy for y ∈ R. This gives
an identification XZ ∼= R mapping x 7→ y = log x(1).
In Proposition 3.14, we may take P = Z to be generated by p1 = 1 and
p2 = −1, with one relation p1 + p2 = 0. Then part (a) shows that λ1 × λ−1 is a
homeomorphism from XZ to
X ′Z =
{
(x1, x2) ∈ [0,∞)
2 : x1x2 = 1
}
.
In terms of the identification XZ ∼= R ∈ y above, we have
X ′Z =
{
(ey, e−y) : y ∈ R
}
∼= R.
(iii) When P = Nk × Zn−k, combining (i),(ii), points of XP are monoid mor-
phisms x : P →
(
[0,∞), ·
)
, which may be written uniquely in the form
x(m1, . . . ,mn) = y
m1
1 · · · y
mk
k e
mk+1yk+1+···+mnyn
for (y1, . . . , yn) ∈ [0,∞)k ×R
n−k. This identifies XNk×Zn−k
∼= [0,∞)k ×Rn−k.
We will often use the identifications XN ∼= [0,∞), XZ ∼= R and XNk×Zn−k ∼=
[0,∞)k × Rn−k = Rnk in (i)–(iii). Using Proposition 3.14 we see that in each
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of (i)–(iii), the topology on XP , and the notions of smooth functions U → R,
U → (0,∞), U → [0,∞), agree with the usual topology and smooth functions
(in the sense of §2.1) on [0,∞),R, [0,∞)k × Rn−k. Thus, the XP for general
weakly toric monoids P are a class of smooth spaces generalizing the spaces
[0,∞)k × Rn−k used as local models for manifolds with corners.
If P,Q are weakly toric monoids then so is P×Q, and monoid morphisms P×
Q→
(
[0,∞), ·
)
are of the form (p, q) 7→ x(p)y(q), where x : P →
(
[0,∞), ·
)
and
y : Q →
(
[0,∞), ·
)
are monoid morphisms. This gives a natural identification
XP×Q ∼= XP ×XQ. Using this and Example 3.15 we deduce:
Lemma 3.16. Let P be a weakly toric monoid. Then P ∼= P ♯ × P×, where P ♯
is a toric monoid and P× ∼= Zl for l > 0. Hence XP ∼= XP ♯ ×XZl ∼= XP ♯ ×R
l.
Thus, we can reduce from weakly toric to toric monoids P by including
products with Rl in the spaces XP . A different way to reduce from weakly toric
to toric monoids is to note that Rl is diffeomorphic to (0,∞)l ⊂ [0,∞)l ∼= XNl ,
so XP ∼= XP ♯ × R
l is diffeomorphic to an open subset in XP♯ × [0,∞)
l ∼= XQ,
where Q = P ♯ × Nl is toric, giving:
Corollary 3.17. Let P be a weakly toric monoid. Then there exists a toric
monoid Q and an open subset UQ ⊂ XQ such that XP is diffeomorphic to UQ.
The next proposition describes the interior X◦P of XP .
Proposition 3.18. Let P be a weakly toric monoid, so that the interior X◦P of
XP is an open subset of XP . Set n = rankP . Then:
(a) X◦P is diffeomorphic in the sense of Definition 3.12 to R
n ∼= XZn .
(b) X◦P is the subset of points x ∈ XP which have an open neighbourhood in
XP homeomorphic to an open ball in R
n.
Proof. For (a), points of X◦P are monoid morphisms x : P →
(
(0,∞), ·
)
. As(
(0,∞), ·
)
is a group, any such morphism factorizes through the projection
P → P gp, so points of X◦P correspond to group morphisms P
gp →
(
(0,∞), ·
)
.
But P gp ∼= Zn, as P is weakly toric of rank n, and monoid morphisms Zn →(
(0,∞), ·
)
are points of XZn ∼= R
n. Thus, a choice of isomorphism P gp ∼= Zn
induces an identification X◦P
∼= Rn ∼= XZn , and it is easy to see that this is a
diffeomorphism in the sense of Definition 3.12.
For (b), if x ∈ X◦P , part (a) implies that XP is locally homeomorphic to R
n
near x. And if x ∈ XP \X◦P then using Proposition 3.14(a) we can show that
XP is not locally homeomorphic to R
n near x.
3.3 The category Mangc of manifolds with g-corners
We can now define the category Mangc of manifolds with generalized corners,
or g-corners, extending Definition 2.2 for the case of ordinary corners.
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Definition 3.19. Let X be a second countable Hausdorff topological space.
An n-dimensional generalized chart, or g-chart, on X is a triple (P,U, φ), where
P is a weakly toric monoid with rankP = n, and P is a submonoid of Zk for
some k > 0, and U ⊆ XP is open, for XP as in §3.2, and φ : U → X is a
homeomorphism with an open set φ(U) in X .
Let (P,U, φ), (Q, V, ψ) be n-dimensional g-charts on X . We call (P,U, φ) and
(Q, V, ψ) compatible if ψ−1 ◦ φ : φ−1
(
φ(U) ∩ ψ(V )
)
→ ψ−1
(
φ(U) ∩ ψ(V )
)
is a
diffeomorphism between open subsets of XP , XQ, in the sense of Definition 3.12.
An n-dimensional generalized atlas, or g-atlas, forX is a family {(P i, U i, φi) :
i∈I} of pairwise compatible n-dimensional g-charts on X with X=
⋃
i∈I φ
i(U i).
We call such a g-atlas maximal if it is not a proper subset of any other g-atlas.
Any g-atlas {(P i, U i, φi) : i ∈ I} is contained in a unique maximal g-atlas, the
family of all g-charts (P,U, φ) on X compatible with (P i, U i, φi) for all i ∈ I.
An n-dimensional manifold with generalized corners, or g-corners, is a second
countable Hausdorff topological space X with a maximal n-dimensional g-atlas.
Usually we refer to X as the manifold, leaving the g-atlas implicit. By a g-chart
(P,U, φ) on X , we mean an element of the maximal g-atlas. Write dimX = n.
Motivated by Proposition 3.18(b), define the interior X◦ of an n-manifold
with g-corners X to be the dense open subset X◦ ⊂ X of points x ∈ X which
have an open neighbourhood in X homeomorphic to an open ball in Rn. Then
Proposition 3.18 implies that if (P,U, φ) is a g-chart on X then φ−1(X◦) = U◦,
where U◦ ⊆ U ⊆ XP is as in Definition 3.12, so (P,U◦, φ) is a g-chart on X◦.
Let X,Y be manifolds with g-corners, and f : X → Y a continuous map of
the underlying topological spaces. We say that f : X → Y is smooth if for all
g-charts (P,U, φ) on X and (Q, V, ψ) on Y , the map
ψ−1 ◦ f ◦ φ : (f ◦ φ)−1(ψ(V )) −→ V (3.5)
is a smooth map between the open subsets (f ◦ φ)−1(ψ(V )) ⊆ U ⊆ XP and
V ⊆ XQ, in the sense of Definition 3.12.
This condition is local in X and Y , and it holds locally in some charts
(P,U, φ) on X and (Q, V, ψ) on Y if and only if it holds on compatible charts
(P ′, U ′, φ′), (Q′, V ′, ψ′) covering the same open sets in X,Y . Thus, to show
f : X → Y is smooth, it suffices to check (3.5) is smooth only for (P,U, φ) in
some choice of g-atlas {(P i, U i, φi) : i ∈ I} forX and for (Q, V, ψ) in some choice
of g-atlas {(Qj , V j , ψj) : j ∈ J} for Y , rather than for all (P,U, φ), (Q, V, ψ).
We say that f : X → Y is a diffeomorphism if it is a bijection, and both
f : X → Y , f−1 : Y → X are smooth.
We say that a smooth map f : X → Y is interior if f(X◦) ⊆ Y ◦. Equiva-
lently, f is interior if the maps (3.5) are interior in the sense of Definition 3.12
for all (P,U, φ), (Q, V, ψ).
In Definition 3.12 we saw that for open U ⊆ XP , V ⊆ XQ, W ⊆ XR,
compositions g ◦ f of smooth (or interior) maps f : U → V , g : V → W are
smooth (or interior), and identity maps idU : U → U are smooth (and interior).
It easily follows that compositions g ◦ f : X → Z of smooth (or interior) maps
f : X → Y , g : Y → Z of manifolds with g-corners are smooth (or interior),
and identity maps idX : X → X are smooth (and interior).
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Thus, manifolds with g-corners and smooth maps, or interior maps, form a
category. Write Mangc for the category with objects manifolds with g-corners
X,Y and morphisms smooth maps f : X → Y , and Mangcin ⊂ Man
gc for
the (non-full) subcategory with objects manifolds with g-corners X,Y and mor-
phisms interior maps f : X → Y .
Write Mˇangc for the category whose objects are disjoint unions
∐∞
m=0Xm,
where Xm is a manifold with g-corners of dimension m, allowing Xm = ∅,
and whose morphisms are continuous maps f :
∐∞
m=0Xm →
∐∞
n=0 Yn, such
that f |Xm∩f−1(Yn) : Xm ∩ f
−1(Yn) → Yn is a smooth map of manifolds with
g-corners for all m,n > 0. Objects of Mˇangc will be called manifolds with g-
corners of mixed dimension. We regardMangc as a full subcategory of Mˇangc
in the obvious way. Write Mˇangcin for the (non-full) subcategory of Mˇan
gc with
the same objects, and morphisms f :
∐∞
m=0Xm →
∐∞
n=0 Yn with f |Xm∩f−1(Yn)
an interior map for all m,n.
Alternatively, we can regard Mˇangc, Mˇangcin as the categories defined exactly
as for Mangc,Mangcin above, except that in defining g-atlases {(P
i, U i, φi) : i ∈
I} on X , we omit the condition that all charts (P i, U i, φi) in the g-atlas must
have the same dimension rankP i = n.
Remark 3.20. (a) Section 3.2 and Definition 3.19 were motivated by Kottke
and Melrose’s interior binomial varieties [20, §9].
In fact Kottke and Melrose do rather less than we do: they define interior
binomial subvarieties X only as subsets X ⊂ Y of an ambient manifold with
corners Y , rather than as geometric spaces in their own right. Their local models
for the inclusion X ⊂ Y are essentially the same as our inclusion X ′P ⊂ [0,∞)
m
in Proposition 3.14(a), and they do not highlight the fact thatXP really depends
only on the monoid P , and not on the embedding XP →֒ [0,∞)
m. Nonetheless,
it seems clear that Kottke and Melrose could have written down a definition
equivalent to Definition 3.19, if they had wanted to.
Our Mangcin is equivalent to a full subcategory of Gillam and Molcho’s cat-
egory of positive log differentiable spaces, [6, §6].
(b) In the definition of g-charts (P,U, φ) above, we require that the weakly toric
monoid P is a submonoid of Zk for some k > 0. As in §3.1, every weakly toric
monoid P is isomorphic to a submonoid of some Zk, so this does not restrict P
up to isomorphism. We assume it for set theory reasons, as if we did not then
the maximal g-atlas {(P i, U i, φi) : i ∈ I} of all g-charts (P,U, φ) on a manifold
with g-corners X would not be a set, but only a proper class. We will generally
ignore this issue.
(c) As in Remark 2.5 for manifolds with (ordinary) corners, we can also define
real analytic manifolds with g-corners, and real analytic maps between them. To
do this, in Definition 3.12, if P is a weakly toric monoid and U ⊆ XP is open, we
call a continuous function f : U → R real analytic if there exist r1, . . . , rn ∈ P ,
an open subset W ⊆ Rn, and a real analytic map g : W → R (i.e. the Taylor
series of g at w converges to g near w for all w ∈ W ), such that for all x ∈ U
we have
(
x(r1), . . . , x(rn)
)
∈ W and (3.2) holds.
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If Q is another weakly toric monoid, V ⊆ XQ is open, and f : U → V is
smooth in the sense of Definition 3.12, we say that f is real analytic if λq ◦ f :
U → R is real analytic in the sense above for all q ∈ Q.
Then we define {(P i, U i, φi) : i ∈ I} to be a real analytic g-atlas on a
topological space X as in Definition 3.19, except that we require the transition
functions (φj)−1◦φi for i, j ∈ I to be real analytic rather than smooth. We define
a real analytic manifold with g-corners to be a Hausdorff, second countable
topological space X equipped with a maximal real analytic g-atlas.
Given real analytic manifolds with g-corners X,Y , we define a continuous
map f : X → Y to be real analytic if whenever (P,U, φ), (Q, V, ψ) are real
analytic g-charts on X,Y (that is, g-charts in the maximal real analytic g-
atlases), the transition map ψ−1 ◦ f ◦ φ in (3.5) is a real analytic map between
open subsets of XP , XQ in the sense above. Then real analytic manifolds with
g-corners and real analytic maps between them form a category Mangcra .
There is an obvious faithful functor FMan
gc
Man
gc
ra
: Mangcra →Man
gc, which on
objects replaces the maximal real analytic g-atlas by the (larger) corresponding
maximal smooth g-atlas containing it. Essentially all the material we discuss for
manifolds with g-corners also works for real analytic manifolds with g-corners,
except for constructions requiring partitions of unity.
Example 3.21. Let P be a weakly toric monoid. Then XP is a manifold with
g-corners, of dimension rankP , covered by the single g-chart (P,XP , idXP ).
Let µ : Q→ P be a morphism of weakly toric monoids. Define Xµ : XP →
XQ byXµ(x) = x◦µ, noting that points x ∈ XP are monoid morphisms x : P →(
[0,∞), ·
)
. It is easy to show that Xµ : XP → XQ is a smooth, interior map
of manifolds with g-corners, and we have a functor X : (Monwt)op →Mangc
mapping P 7→ XP on objects and µ 7→ Xµ on morphisms.
We relate manifolds with g-corners to manifolds with corners in §2.
Definition 3.22. Let X be an n-manifold with (ordinary) corners, in the sense
of §2.1. Then X has a maximal atlas of charts (U, φ), where U ⊆ Rnk = [0,∞)
k×
Rn−k is open and φ : U → X is a homeomorphism with an open set φ(U) ⊆ X ,
as in Definition 2.2. We can turn X into a manifold with g-corners as follows.
Let (U, φ) be a chart on X with U ⊆ [0,∞)k × Rn−k open. As in Example
3.15(iii) we identify XNk×Zn−k ∼= [0,∞)
k × Rn−k, so we may regard U as an
open set in XNk×Zn−k , and thus (N
k × Zn−k, U, φ) is a g-chart on X .
If (V, ψ) is another chart on X and (Nl × Zn−l, V, ψ) the corresponding g-
chart, then (U, φ), (V, ψ) compatible in the sense of Definition 2.2 implies that
(Nk×Zn−k, U, φ), (Nl×Zn−l, V, ψ) are compatible g-charts. Hence the maximal
atlas of charts (U, φ) on X induces a g-atlas of g-charts (Nk × Zn−k, U, φ) on
X , which is a subatlas of a unique maximal g-atlas of g-charts (P,U, φ) on X ,
making X into a manifold with g-corners, which we temporarily write as Xˆ.
Thus, every manifold with corners X may be given the structure of a mani-
fold with g-corners Xˆ. If X,Y are manifolds with corners and Xˆ, Yˆ the corre-
sponding manifolds with g-corners, then Proposition 3.14(c) implies that a map
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f : X → Y is a smooth map of manifolds with corners, as in §2.1, if and only
f : Xˆ → Yˆ is a smooth map of manifolds with g-corners, in the sense above.
Define FMan
gc
Manc : Man
c →֒ Mangc by FMan
gc
Manc : X 7→ Xˆ on objects and
FMan
gc
Manc : f 7→ f on morphisms. Then F
Mangc
Manc is full and faithful, and embeds
the categoryManc from §2 as a full subcategory of the categoryMangc above.
Also FMan
gc
Manc takes interior maps in Man
c to interior maps in Mangc, and so
restricts to a full and faithful embedding F
Man
gc
in
Manc
in
:Mancin →֒Man
gc
in .
Similarly, we regard Mˇanc in §2.1 as a full subcategory of Mˇangc above.
Let Xˆ be an n-manifold with g-corners. Then Xˆ = FMan
gc
Manc (X) for some
n-manifold with corners X if and only if Xˆ admits a cover by g-charts of the
form (Nk × Zn−k, U, φ), and then the maximal atlas for X is the family of all
(U, φ) with (Nk × Zn−k, U, φ) a g-chart on X .
From this we see that the subcategory FMan
gc
Manc (Man
c) in Mangc is closed
under isomorphisms in Mangc (it is strictly full), and is strictly isomorphic
(not just equivalent) to Manc. We will often identify Manc with its image
FMan
gc
Manc (Man
c) in Mangc, and regard Manc as a subcategory of Mangc (and
similarly Mancin as a subcategory of Man
gc
in ⊂ Man
gc), and manifolds with
corners as special examples of manifolds with g-corners. Since the only difference
between a manifold with corners X and the corresponding manifold with g-
corners Xˆ is the maximal atlas {(U i, φi) : i ∈ I} on X or g-atlas {(P i, U i, φi) :
i ∈ Iˆ} on Xˆ, and we rarely write these (g-)atlases down, this identification
should not cause confusion.
As in §2, we have full subcategoriesMan,Manb ⊂Manc of manifolds with-
out boundary and manifolds with boundary, and non-full subcategories Mancst,
Mancis ⊂ Man
c of strongly smooth and interior strongly smooth morphisms
in Manc. We consider all of these as subcategories of Mangc. If X is any
manifold with g-corners then X◦ is a manifold without boundary, that is,
X◦ ∈Man ⊂Mangc.
Example 3.23. The XP we now describe is the simplest example of a manifold
with g-corners which is not a manifold with corners. We will return to this
example several times to illustrate parts of the theory. Define
P =
{
(a, b, c) ∈ Z3 : a > 0, b > 0, a+ b > c > 0
}
.
Then P is a toric monoid with rank 3, with P gp = Z3 ⊃ P . Write
p1 = (1, 0, 0), p2 = (0, 1, 1), p3 = (0, 1, 0), p4 = (1, 0, 1). (3.6)
Then p1, p2, p3, p4 are generators for P , subject to the single relation
p1 + p2 = p3 + p4.
Thus Proposition 3.14(a) shows that
XP ∼= X
′
P =
{
(x1, x2, x3, x4) ∈ [0,∞)
4 : x1x2 = x3x4
}
. (3.7)
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• (0, 0, 0, 0) ∼= δ0
•
(x1, 0, 0, 0) •
(0, 0, x3, 0)
•
(0, 0, 0, x4)
•
(0, x2, 0, 0)
•
(0, x2, 0, x4)
•
(x1, 0, x3, 0)
•(x1, 0, 0, x4) • (0, x2, x3, 0)
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Figure 3.1: 3-manifold with g-corners X ′P
∼= XP in (3.7)
We sketch X ′P in Figure 3.1. We can visualize XP
∼= X ′P as a 3-dimensional
infinite pyramid on a square base. Using the ideas of §3.4, X ′P has one ver-
tex (0, 0, 0, 0) corresponding to δ0 ∈ XP mapping δ0 : P →
(
[0,∞), ·
)
with
δ0(p) = 1 if p = (0, 0, 0) and δ0(p) = 0 otherwise, four 1-dimensional edges of
points (x1, 0, 0, 0), (0, x2, 0, 0), (0, 0, x3, 0), (0, 0, 0, x4), four 2-dimensional faces
of points (x1, 0, x3, 0), (x1, 0, 0, x4), (0, x2, x3, 0), (0, x2, 0, x4), and an interior
X ′◦P
∼= R3 of points (x1, x2, x3, x4). Then XP \ {δ0} is a 3-manifold with cor-
ners, but XP is not a manifold with corners near δ0, as we can see from the
non-simplicial face structure.
Remark 3.24. Looking at Figure 3.1, it is tempting to try and identify XP in
Example 3.23 with a polyhedron in R3, with four linear faces, and one vertex
like a corner of an octahedron. However, this is a mistake. Although the
combinatorics of the edges, faces, etc. of XP are those of a polyhedron in R
3,
the smooth structure near (0, 0, 0, 0) is different to that of a polyhedron.
Definition 3.25. If P,Q are weakly toric monoids then P ×Q is a weakly toric
monoid, and XP×Q ∼= XP ×XQ. Thus, the class of local models for manifolds
with g-corners is closed under products. Therefore, if X,Y are manifolds with
g-corners, we can give the product X × Y the structure of a manifold with g-
corners, such that if X,Y are locally modelled on XP , XQ near x, y then X×Y
is locally modelled on XP×Q near (x, y). That is, if (P,U, φ) and (Q, V, ψ) are
g-charts on X,Y then (P ×Q,U × V, φ× ψ) is a g-chart on X × Y , identifying
U × V ⊆ XP ×XQ with an open set in XP×Q ∼= XP ×XQ.
There are also two notions of product morphism in Mangc: if f : W → Y
and g : X → Z are smooth (or interior) maps of manifolds with g-corners then
the product f × g : W × X → Y × Z mapping f × g : (w, x) 7→ (f(w), g(x))
is smooth (or interior), and if f : X → Y, g : X → Z are smooth (or interior)
maps of manifolds with g-corners then the direct product (f, g) : X → Y × Z
mapping (f, g) : x 7→ (f(x), g(x)) is smooth (or interior).
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3.4 Boundaries ∂X, corners Ck(X), and the corner functor
In Definition 2.6 we defined the depth stratification X =
∐dimX
l=0 S
l(X) of a
manifold with corners X . We now generalize this to manifolds with g-corners.
Definition 3.26. Let P be a weakly toric monoid, and F a face of P , as in
§3.1.5. For XF , XP as in §3.2, define an inclusion map i
P
F : XF →֒ XP by
iPF (y) = y¯, where y ∈ XF so that y : F → [0,∞) is a monoid morphism, and
y¯ : P → [0,∞) is defined by
y¯(p) =
{
y(p), p ∈ F,
0, p ∈ P \ F.
The condition in Definition 3.9 that if p, q ∈ P with p + q ∈ F then p, q ∈ F
implies that y¯ is a monoid morphism, so y¯ ∈ XP . Then iPF : XF → XP is a
smooth, injective map of manifolds with g-corners.
For each x ∈ XP , define the support of x to be
suppx =
{
p ∈ P : x(p) 6= 0
}
.
It is easy to see that suppx is a face of P . For each face F of P , write
XPF =
{
x ∈ XP : suppx = F
}
.
Then the interior X◦P is X
P
P , and we have a decomposition
XP =
∐
faces F of P
XPF . (3.8)
From the definition of iPF : XF →֒ XP , it is easy to see that
XPF = i
P
F (X
◦
F ) and X
P
F = i
P
F (XF ) =
∐
faces G of P with G ⊆ F
XPG , (3.9)
where XPF is the closure of X
P
F in XP . By Proposition 3.18(a) we have a
diffeomorphism XPF
∼= X◦F
∼= RrankF = RrankP−codimF . Thus (3.8) is a locally
closed stratification of XP into smooth manifolds without boundary.
For x ∈ XP , define the depth depthXP x to be codim(suppx) = rankP −
rank(suppx), so that depthXP x = 0, . . . , dimXP . For each l = 0, . . . , dimXP ,
define the depth l stratum of XP to be
Sl(XP ) =
{
x ∈ XP : depthXP x = l
}
.
Then the interior X◦P is S
0(XP ), and
Sl(XP ) =
∐
faces F of P : codimF = l
XPF , (3.10)
so that Sl(X) is a smooth manifold without boundary of dimension dimXP − l,
and (3.9) implies that Sl(XP ) =
⋃dimXP
k=l S
k(XP ). Hence
XP =
∐dimXP
l=0
Sl(XP )
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is a locally closed stratification of XP into smooth manifolds without boundary.
If U ⊆ XP is an open set, we define Sl(U) = U ∩ Sl(XP ) =
{
u ∈ U :
depthXP u = l
}
for l = 0, . . . , dimXP = dimU . Then U =
∐dimU
l=0 S
l(U).
As in Definition 2.15(b), for x ∈ XP write Ix(XP ) for the set of germs [b]
at x of interior maps b : XP → [0,∞). It is a monoid under multiplication.
Using the notation of §3.1, the units Ix(XP )× are germs [b] with b(x) > 0, and
Ix(XP )♯ = Ix(XP )/Ix(XP )×. Consider the monoid morphism
Πx : P −→ Ix(XP )
♯, Πx : p 7−→ [λp] · Ix(XP )
×.
Using Definition 2.10, we see that Π is surjective, with kernel suppx. Therefore
P/ suppx ∼= Ix(XP )
♯.
Thus Ix(XP )♯ is a toric monoid, with
rank
(
Ix(XP )
♯
)
= rankP − rank(suppx) = depthXP x.
Hence if U ⊆ XP is open then for l = 0, . . . , dimU we have
Sl(U) =
{
u ∈ U : rank
(
Ix(U)
♯
)
= l
}
. (3.11)
Now (3.11) depends only on U as a manifold with g-corners, rather than
as an open subset of some XP . It follows that the depth stratification U =∐dimU
l=0 S
l(U) is invariant under diffeomorphisms. That is, if P,Q are weakly
toric monoids with rankP = rankQ, and U ⊆ XP , V ⊆ XQ are open, and
f : U → V is a diffeomorphism in the sense of §3.2, then f
(
Sl(U)
)
= Sl(V ) for
l = 0, . . . , dimU = dim V .
Let X be a manifold with g-corners. For x ∈ X , choose a g-chart (P,U, φ)
on the manifold X with φ(u) = x for u ∈ U , and define the depth depthX x
of x in X by depthX x = depthXP u. This is independent of the choice of
(P,U, φ), by invariance of the depth stratification under diffeomorphisms. For
each l = 0, . . . , dimX , define the depth l stratum of X to be
Sl(X) =
{
x ∈ X : depthX x = l
}
.
Then X =
∐dimX
l=0 S
l(X). Each Sl(X) is a manifold without boundary of di-
mension dimX − l, with S0(X) = X◦, and Sl(X) =
⋃dimX
k=l S
k(X), since this
holds for the stratifications of the local models U ⊆ XP .
Example 3.27. Let P = Nk×Zn−k, and identify XP with R
n
k = [0,∞)
k×Rn−k
as in Example 3.15(iii). Then faces F of P are in 1-1 correspondence with subsets
I ⊆ {1, . . . , k}, where the face FI corresponding to a subset I is
FI =
{
(a1, . . . , an) ∈ N
k × Zn−k : ai = 0 for i ∈ I
}
,
so that rankFI = n− |I| and codimFI = |I|. We can show that
XPFI =
{
(x1, . . . , xn) ∈ R
n
k : xi = 0, i ∈ I, and xj 6= 0, j ∈ {1, . . . , k} \ I
}
,
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so that XPFI
∼= (0,∞)k−|I|×Rn−k ∼= Rn−|I|. Thus, for (x1, . . . , xn) ∈ XP ∼= R
n
k ,
depthXP x in Definition 3.26 is the number of x1, . . . , xk which are zero, and
Sl(Rnk ) =
{
(x1, . . . , xn) ∈ R
n
k : exactly l out of x1, . . . , xk are zero
}
.
But this coincides with the definition of depthRn
k
x and Sl(Rnk ) in Definition
2.6. Therefore we deduce:
Corollary 3.28. Let X be a manifold with corners as in §2, and regard X as
a manifold with g-corners as in Definition 3.22. Then the two definitions of
depth depthX x for x ∈ X, and of the depth stratification X =
∐dimX
l=0 S
l(X),
in Definitions 2.6 and 3.26 agree.
Following Definition 2.7 closely, we define boundaries ∂X and corners Ck(X)
of manifolds with g-corners.
Definition 3.29. Let X be an n-manifold with g-corners, x ∈ X , and k =
0, 1, . . . , n. A local k-corner component γ of X at x is a local choice of con-
nected component of Sk(X) near x. That is, for each sufficiently small open
neighbourhood V of x in X , γ gives a choice of connected component W of
V ∩ Sk(X) with x ∈ W , and any two such choices V,W and V ′,W ′ must be
compatible in that x ∈ (W ∩W ′). When k = 1, we also call local 1-corner
components local boundary components of X at x.
As sets, define the boundary ∂X and k-corners Ck(X) for k = 0, 1, . . . , n by
∂X =
{
(x, β) : x∈X , β is a local boundary component of X at x
}
,
Ck(X) =
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x
}
,
so that ∂X = C1(X). Since each x ∈ X has a unique 0-boundary component
[X◦], we have C0(X) ∼= X . Define maps iX : ∂X → X , Π : Ck(X) → X ,
ι : X → C0(X) by iX : (x, β) 7→ x, Π : (x, γ) 7→ x and ι : x 7→ (x, [X◦]).
We will explain how to give ∂X,Ck(X) the structure of manifolds with g-
corners, so that iX ,Π, ι are smooth maps, with ι a diffeomorphism. Let (P,U, φ)
be a g-chart on X , and u ∈ U ⊆ XP with φ(u) = x ∈ X . Then (3.10) gives
Sl(U) =
∐
faces F of P : codimF = k
XPF ∩ U
As XPF
∼= Rn−k is connected, and furthermore locally connected in XP , we
see that local k-corner components of U at u are in 1-1 correspondence with
faces F of P with codimF = k, such that u ∈ XPF . Hence by (3.9), local k-
corner components of U at u are in 1-1 correspondence with faces F of P with
codimF = k such that u ∈ iPF (XF ). Thus, we have natural 1-1 correspondences
Ck(X) ⊇ Π
−1(φ(U))
=
{
(x, γ) : x ∈ φ(U) ⊆ X , γ is a local k-corner component of X at x
}
∼=
{
(u, γ′) : u ∈ U , γ′ is a local k-corner component of U at u
}
∼=
∐
faces F of P : codimF = k
(iPF )
−1(U), (3.12)
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where (iPF )
−1(U) ⊆ XF is an open set.
For each face F of P with codimF = k, let φPF : (i
P
F )
−1(U)→ Π−1(φ(U)) ⊆
Ck(X) be the map determined by (3.12). Then
(
F, (iPF )
−1(U), φPF
)
is a g-chart of
dimension n−k on Ck(X), and the union of these over all F covers Π−1(φ(U)).
If (P ′, U ′, φ′) is another g-chart on X then (P,U, φ), (P ′, U ′, φ′) are compatible.
Using this one can show that the g-charts
(
F, (iPF )
−1(U), φPF
)
on Ck(X) from
(P,U, φ) and
(
F ′, (iP
′
F ′)
−1(U ′), φP
′
F ′
)
from (P ′, U ′, φ′) are pairwise compatible.
Hence the collection of all g-charts
(
F, (iPF )
−1(U), φPF
)
on Ck(X) from all g-
charts (P,U, φ) on X is a g-atlas, where Ck(X) has a unique Hausdorff topology
such that φPF is a homeomorphism with an open set for all such g-charts, and
the corresponding maximal g-atlas makes Ck(X) into an (n− k)-manifold with
g-corners, and ∂X = C1(X) into an (n− 1)-manifold with g-corners.
Example 3.30. Let P be a weakly toric monoid, and takeX = XP in Definition
3.29, so that X is covered by one g-chart (P,XP , idXP ). Then taking U = XP
in (3.12) gives a diffeomorphism
Ck(XP ) ∼=
∐
faces F of P : codimF = k
XF . (3.13)
Example 3.31. Set P =
{
(a, b, c) ∈ Z3 : a > 0, b > 0, a + b > c > 0
}
, as in
Example 3.23. Then P has one face F = P of codimension 0, four faces F of
codimension 1 all with F ∼= N2, four faces F of codimension 2 all with F ∼= N,
and one face F = {0} of codimension 3. Thus by (3.13) we have diffeomorphisms
C0(XP ) ∼= XP , C1(XP )=∂XP ∼=[0,∞)
2∐[0,∞)2∐[0,∞)2∐[0,∞)2,
C2(XP ) ∼= [0,∞)∐ [0,∞)∐ [0,∞)∐ [0,∞) and C3(XP ) ∼= ∗.
From these we deduce that
∂2XP = 8 copies of [0,∞), ∂
3XP = 8 points.
We use these to show that some results in §2.2 for manifolds with corners
are false for manifolds with g-corners. For a manifold with (ordinary) corners
X , equations (2.5), (2.7), (2.8) and (2.9) say that
Ck(X) ∼=
{
(x, {β1, . . . , βk}) : x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
,
(3.14)
∂kX ∼=
{
(x, β1, . . . , βk) : x ∈ X, β1, . . . , βk are distinct
local boundary components for X at x
}
,
(3.15)
Ck(X) ∼= ∂
kX/Sk, (3.16)
∂Ck(X) ∼= Ck(∂X), (3.17)
using in (3.16) the natural free Sk-action on ∂
kX permuting β1, . . . , βk in (3.15).
For the manifold with g-corners XP , equation (3.14) is false for k = 2, 3, as
over x = δ0 there are 4 points on the l.h.s. and 6 points on the r.h.s. for k = 2,
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and 1 point on the l.h.s. and 4 points on the r.h.s. for k = 3. Similarly (3.15) is
false when k = 2, 3. Equation (3.16) is true when k = 2, but false when k = 3,
since S3 cannot act freely on 8 points, and even for a non-free action, ∂
3XP /S3
would be at least two points. In (3.17) for XP when k = 2, both sides are four
points. However, the l.h.s. corresponds to the four edges in Figure 3.1, and the
r.h.s. to the four faces in Figure 3.1. There is no natural 1-1 correspondence
between these two four-point sets equivariant under automorphisms of XP , so
(3.17) is false for XP , that is, there is no such canonical diffeomorphism.
Example 3.31 shows that in general (3.14)–(3.17) are false for manifolds with
g-corners X , at least for k > 3. But some modifications of them might be true,
and we certainly expect some relation between ∂kX and Ck(X). By considering
local models XP , and some simple properties of faces in weakly toric monoids,
one can prove the following proposition. The moral is that for k = 2, equations
(3.14)–(3.16) have a good extension to manifolds with g-corners, but for k > 3
they do not generalize very well.
Proposition 3.32. Let X be a manifold with g-corners. Then:
(a) There are natural identifications
C2(X)∼=
{
(x, {β1, β2}) : x∈X, β1, β2 are distinct local boundary
components of X at x intersecting in codimension 2
}
,
(3.18)
∂2X∼=
{
(x, β1, β2) : x∈X, β1, β2 are distinct local boundary
components of X at x intersecting in codimension 2
}
.
(3.19)
There is a natural, free action of S2 ∼= Z2 on ∂2X, exchanging β1, β2 in
(3.19), and a natural diffeomorphism C2(X) ∼= ∂
2X/S2.
(b) For all k = 0, 1, . . . , dimX there are natural projections π : ∂kX → Ck(X)
which are smooth, surjective, and e´tale (a local diffeomorphism).
(c) The symmetric group Sk for k > 2 is generated by the k − 1 two-cycles
(12), (23), · · · , (k−1 k), satisfying relations. Thus, an Sk-action on a space
is equivalent to k − 1 actions of S2 ∼= Z2, satisfying relations.
We can define k − 1 actions of S2 on ∂kX as follows: for j = 0, . . . , k −
2, part (a) with ∂jX in place of X gives an S2-action on ∂
j+2X, and
applying ∂k−j−2 induces an S2-action on ∂
kX. If X has ordinary corners,
these k− 1 S2-actions satisfy the relations required to define an Sk-action
on ∂kX, but if k > 3 and X has g-corners they may not satisfy the
relations, and so generate an action of some group G 6∼= Sk on ∂kX.
Here in (3.18)–(3.19), distinct local boundary components β1, β2 of X at x
may intersect in codimension 2, 3, . . . , dimX . For example, XP in Example 3.23
has four local boundary components β13, β32, β24, β41, at x = δ0, of which adja-
cent pairs (β13, β32), (β32, β24), (β24, β41) and (β41, β13) intersect in codimension
2, and opposite pairs (β13, β24) and (β32, β41) intersect in codimension 3.
Here is the analogue of Lemma 2.9.
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Lemma 3.33. Let f : X → Y be a smooth map of manifolds with g-corners.
Then f is compatible with the depth stratifications X =
∐
k>0 S
k(X),
Y =
∐
l>0 S
l(Y ) in Definition 3.26, in the sense that if ∅ 6= W ⊆ Sk(X) is a
connected subset for some k > 0, then f(W ) ⊆ Sl(Y ) for some unique l > 0.
Proof. The lemma is a local property, so by restricting to single g-charts on
X,Y , we see it is sufficient to prove that if P,Q are weakly toric monoids,
U ⊆ XP , V ⊆ XQ are open, and f : U → V is smooth in the sense of Definition
3.12, then f preserves the stratifications U =
∐
k>0 S
k(U), V =
∐
l>0 S
l(V ).
In Definition 3.26, Sk(U) is a disjoint union of pieces U∩XPF for codimF = k,
where the subsets XPF ⊆ XP may be characterized as subsets where either
λp = 0 (if p /∈ F ) or λp > 0 (if p ∈ F ), for each p ∈ P . Thus we see that{
S ⊆ U : for some k > 0, S is a connected component of Sk(U)
}
=
{
S ⊆ U : for some I ⊆ P , S is a connected component of (3.20)
{u ∈ U : λp(u) = 0 for p ∈ I, λp > 0 for p ∈ P \ I}
}
.
The analogue also holds for V . Now as f : U → V is smooth, Definition 3.12
implies that for each q ∈ Q, locally on U we may write λq ◦ f = h · λp for some
p ∈ P and h > 0, or λq ◦ f = 0. Hence locally on U , f pulls back subsets
{λq = 0} and {λq > 0} in V for q ∈ Q to subsets {λp = 0} and {λp > 0} for
p ∈ P , or else f pulls back {λq = 0} to U and {λq > 0} to ∅. This implies that
f maps each set in the r.h.s. of (3.20) for U to a set in the r.h.s. of (3.20) for V .
The lemma then follows by (3.20) for U, V .
Here is the analogue of Definition 2.10.
Definition 3.34. Define the corners C(X) of a manifold with g-corners X by
C(X) =
∐dimX
k=0 Ck(X)
=
{
(x, γ) : x ∈ X , γ is a local k-corner component of X at x, k > 0
}
,
considered as an object of Mˇangc in Definition 3.19, a manifold with g-corners
of mixed dimension. Define a smooth map Π : C(X)→ X by Π : (x, γ) 7→ x.
Let f : X → Y be a smooth map of manifolds with g-corners, and suppose
γ is a local k-corner component of X at x ∈ X . For each sufficiently small open
neighbourhood V of x in X , γ gives a choice of connected component W of
V ∩ Sk(X) with x ∈ W , so by Lemma 3.33 f(W ) ⊆ Sl(Y ) for some l > 0. As
f is continuous, f(W ) is connected, and f(x) ∈ f(W ). Thus there is a unique
l-corner component f∗(γ) of Y at f(x), such that if V˜ is a sufficiently small open
neighbourhood of f(x) in Y , then the connected component W˜ of V˜ ∩ Sl(Y )
given by f∗(γ) has W˜ ∩ f(W ) 6= ∅. This f∗(γ) is independent of the choice of
sufficiently small V, V˜ , so is well-defined.
Define a map C(f) : C(X) → C(Y ) by C(f) : (x, γ) 7→ (f(x), f∗(γ)). A
similar proof to Definition 2.10 shows C(f) is smooth, that is, a morphism
in Mˇangc. If g : Y → Z is another smooth map of manifolds with corners,
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and γ is a local k-corner component of X at x, then (g ◦ f)∗(γ) = g∗ ◦ f∗(γ)
in local m-corner components of Z at g ◦ f(x). Therefore C(g ◦ f) = C(g) ◦
C(f) : C(X) → C(Z). Clearly C(idX) = idC(X) : C(X) → C(X). Hence
C :Mangc → Mˇangc is a functor, which we call the corner functor. We extend
C to C : Mˇangc → Mˇangc by C(
∐
m>0Xm) =
∐
m>0C(Xm).
As in §3.3 we have full subcategories Manc ⊂ Mangc, Mˇanc ⊂ Mˇangc.
Corollary 3.28 implies that the definitions of C : Mangc → Mˇangc, C :
Mˇangc → Mˇangc above restrict on Manc, Mˇanc to the corner functors
C :Manc → Mˇanc, C : Mˇanc → Mˇanc defined in §2.2.
We show corners are compatible with products.
Example 3.35. LetX,Y be manifolds with g-corners, and consider the product
X × Y , with projections πX : X × Y → X , πY : X × Y → Y . We form C(πX) :
C(X × Y )→ C(X), C(πY ) : C(X × Y )→ C(Y ), and take the direct product
(C(πX ), C(πY )) : C(X × Y ) −→ C(X)× C(Y ). (3.21)
Since Sk(X×Y ) =
∐
i+j=k S
i(X)×Sj(Y ), from Definition 3.34 we can show that
(3.21) is a diffeomorphism. Thus, as for (2.10)–(2.11) we have diffeomorphisms
∂(X × Y ) ∼= (∂X × Y )∐ (X × ∂Y ),
Ck(X × Y ) ∼=
∐
i,j>0, i+j=k Ci(X)× Cj(Y ).
The functor C preserves products and direct products, as in Proposition 2.11(f).
Here is a partial analogue of Proposition 2.11. The proof is straightforward,
by considering local models.
Proposition 3.36. Let f :X→Y be a smooth map of manifolds with g-corners.
(a) C(f) : C(X) → C(Y ) is an interior map of manifolds with g-corners of
mixed dimension, so C is a functor C :Mangc → Mˇangcin .
(b) f is interior if and only if C(f) maps C0(X) → C0(Y ), if and only if the
following commutes:
X
ι
f
// Y
ι 
C(X)
C(f) // C(Y ).
Thus ι : Id⇒C is a natural transformation on Id, C|Mangc
in
:Mangcin →Mˇan
gc
in .
(c) The following commutes:
C(X)
Π
C(f)
// C(Y )
Π 
X
f // Y.
Thus Π : C ⇒ Id is a natural transformation.
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3.5 B-tangent bundles bTX of manifolds with g-corners
Here is the analogue of Definition 2.13.
Definition 3.37. We define vector bundles over manifolds with g-corners ex-
actly as for vector bundles over other classes of manifolds: a vector bundle
E → X of rank rankE = k is a smooth map π : E → X of manifolds with
g-corners, with a vector space structure on the each fibre Ex = π
−1(x) for
x ∈ X , which locally over X admits a smooth identification with the projection
X × Rk → X , preserving the vector space structures on each Ex.
Sometimes we also consider vector bundles of mixed rank E → X , in which
we allow the rank k to vary on different connected components of X . This
happens often when working with objects X =
∐∞
m=0Xm in Mˇan
gc from §3.3,
for instance, the b-tangent bundle bTX has rank m over Xm for each m.
In §2.3 we defined tangent bundles TX and b-tangent bundles bTX for a
manifold with (ordinary) corners. The expressions (2.13) for TxX , and (2.14) for
bTxX , also make sense for manifolds with g-corners. The next example shows
that for manifolds with g-cornersX , ‘tangent bundles’ TX are not well-behaved.
Example 3.38. LetXP be the manifold with g-corners of Example 3.23. Define
TxXP by (2.13) for all x ∈ XP . As XP \ {δ0} is a manifold with corners of
dimension 3, as in §2.3 we have dimTxXP = 3 for all δ0 6= x ∈ XP . However,
calculation shows that Tδ0XP has dimension 4, with basis v1, v2, v3, v4 which
act on the functions λp : XP → [0,∞) for p ∈ P by vi([λp]) = 1 if p = pi
and vi([λp]) = 0 otherwise, where p1, p2, p3, p4 are the generators of P in (3.6).
Thus, π : TXP → XP is not a vector bundle over XP , but something more like
a coherent sheaf in algebraic geometry, in which the dimensions of the fibres are
not locally constant, but only upper semicontinuous. Also TXP does not have
the structure of a manifold with g-corners in a sensible way.
Because of this, we will not discuss tangent bundles for manifolds with cor-
ners, but only b-tangent bundles bTX , which are well-behaved. First we define
bTX , and πX :
bTX → X , bTf : bTX → bTY just as sets and maps.
Definition 3.39. Let X be a manifold with g-corners, and x ∈ X . Define
C∞x (X), Ix(X) and ev, exp, inc as in Definitions 2.14 and 2.15. As in (2.14),
define a real vector space bTxX by
bTxX =
{
(v, v′) : v is a linear map C∞x (X)→ R,
v′ is a monoid morphism Ix(X)→ R,
v([a]·[b])=v([a])ev([b])+ev([a])v([b]), all [a], [b]∈C∞x (X),
v′ ◦ exp([a]) = v([a]), all [a] ∈ C∞x (X), and
v ◦ inc([b]) = ev([b])v′
(
[b]
)
, all [b] ∈ Ix(X)
}
. (3.22)
The conditions in (3.22) are not all independent. As a set, define bTX ={
(x, v, v′) : x ∈ X , (v, v′) ∈ bTxX
}
, and define a projection πX :
bTX → X by
πX : (x, v, v
′) 7→ x, so that π−1X (x)
∼= bTxX .
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If f : X → Y is an interior map of manifolds with g-corners, define a map
of sets bTf : bTX → bTY as in Definition 2.15 by bTf : (x, v, v′) 7→ (y, w,w′)
for y = f(x), w = v ◦ f and w′ = v′ ◦ f , where composition with f maps
◦f : C∞y (Y )→ C
∞
x (X), ◦f : Iy(Y )→ Ix(X), as f is interior.
If g : Y → Z is a second interior map of manifolds with g-corners, it is easy
to see that bT (g ◦ f) = bTg ◦ bTf : bTX → bTZ, and bT (idX) = idbTX :
bTX →
bTX , so the assignment X 7→ bTX , f 7→ bTf is functorial.
In Definition 3.43 below we will give bTX the structure of a manifold with g-
corners, such that πX :
bTX → X is smooth and makes bTX into a vector bundle
over X , and bTf : bTX → bTY is smooth for all interior maps f : X → Y .
First we explain this for the model spaces XP . Equation (3.24) shows that for
monoids, passing from XP to
bTXP corresponds to passing from P to P ×P gp.
Proposition 3.40. Let P be a weakly toric monoid, so that XP is a manifold
with g-corners as in Example 3.21, with b-tangent bundle bTXP . Then there
are natural inverse bijections ΦP ,ΨP in the diagram
bTXP
ΨP // XP ×Hom(P gp,R),
ΦP
oo (3.23)
where Hom(P gp,R) ∼= RrankP , and ΦP ,ΨP are compatible with the projections
π : bTXP → XP , XP ×Hom(P gp,R)→ XP . Also there are natural bijections
XP ×Hom(P
gp,R) ∼= XP ×XP gp ∼= XP×P gp . (3.24)
Proof. As P is weakly toric we have a natural inclusion P →֒ P gp, where P gp ∼=
Zr for r = rankP , so that Hom(P gp,R) ∼= Rr. There are obvious natural
bijections Hom(P gp,R) ∼= XP gp and XP ×XQ ∼= XP×Q, so (3.24) follows.
For (x, y) ∈ XP ×Hom(P gp,R) define a map vx,y : C∞x (XP )→ R by
vx,y : [a] 7−→
∑n
i=1
∂g
∂xi
(
x(r1), . . . , x(rn)
)
· x(ri) · y(ri) (3.25)
if U is an open neighbourhood of x in XP , a : U → R is smooth, and as
in Definition 3.12 we write a : x′ 7→ g
(
x′(r1), . . . , x
′(rn)
)
for x′ ∈ U , where
r1, . . . , rn ∈ P and g : W → R is smooth, for W an open neighbourhood of
(λr1 × · · · × λrn)(U) in [0,∞)
n.
Similarly, define v′x,y : Ix(XP )→ R by
v′x,y : [b] 7−→ y(p) +
∑n
i=1
∂
∂xi
(log h)
(
x(r1), . . . , x(rn)
)
· x(ri) · y(ri) (3.26)
if U is an open neighbourhood of x in XP , b : U → [0,∞) is interior, and as in
Definition 3.12 we write b : x′ 7→ x′(p) · h
(
x′(r1), . . . , x
′(rn)
)
for x′ ∈ U , where
p, r1, . . . , rn ∈ P and h :W → (0,∞) is smooth, for W an open neighbourhood
of (λr1 × · · · × λrn)(U) in [0,∞)
n.
It is not difficult to show that vx,y, v
′
x,y are independent of the choices
of presentations for a, b, and that they satisfy the conditions of (3.22), so
(vx,y, v
′
x,y) ∈
bTxXP . Define
ΦP : XP ×Hom(P
gp,R) −→ bTXP by ΦP : (x, y) 7−→ (x, vx,y, v
′
x,y).
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Now let (x, v, v′) ∈ bTXP , and consider the map P → R acting by p 7→
v′([λp]). By (3.22) this is a monoid morphism P → (R,+), so it factors through
a group morphism P gp → R as (R,+) is a group. Thus there exists a unique
yx,v′ ∈ Hom(P gp,R) with v′([λp]) = yx,v′(p) for all p ∈ P . Define
ΨP :
bTXP −→ XP ×Hom(P
gp,R) by ΨP : (x, v, v
′) 7−→ (x, yx,v′). (3.27)
We will show that that ΦP ,ΨP are inverse maps. By definition ΨP ◦ ΦP
maps (x, y) 7→ (x, yx,v′x,y ), where for p ∈ P
gp we have
yx,v′x,y(p) = v
′
x,y([λp]) = y(p) + log 1 = y(p),
using (3.26) for b = λp and h = 1. Thus yx,v′x,y = y, and ΨP ◦ ΦP = id.
Also ΨP ◦ ΦP maps (x, v, v′) 7→ (x, vx,yx,v′ , v
′
x,yx,v′
), where if x ∈ U ⊆ XP
is open, a : U → R is smooth, and as in Definition 3.12 we write a : x′ 7→
g
(
x′(r1), . . . , x
′(rn)
)
for x′ ∈ U , where r1, . . . , rn ∈ P and g : W → R is
smooth, then
vx,yx,v′ ([a]) =
∑n
i=1
∂g
∂xi
(
x(r1), . . . , x(rn)
)
· x(ri) · yx,v′(ri)
=
∑n
i=1
∂g
∂xi
(
x(r1), . . . , x(rn)
)
· x(ri) · v′([λri ])
=
∑n
i=1
∂g
∂xi
(
x(r1), . . . , x(rn)
)
· v([x(ri)]) = v([a]),
using (3.25) in the first step, v′([λp]) = yx,v′(p) in the second, and v ◦ inc([b]) =
ev([b])v′
(
[b]
)
from (3.22) with b = λri = x(ri) in the third. So vx,yx,v′ = v.
Similarly, using (3.26) and v′([λp]) = yx,v′(p) we find that v
′
x,yx,v′
= v′, so
that ΦP ◦ΨP = id. Hence ΦP ,ΨP are inverse maps, and bijections. Clearly they
are compatible with the projections π : bTXP → XP , XP×Hom(P gp,R)→ XP .
This completes the proof.
Example 3.41. Let P =Nk×Zn−k, so that P gp∼=Zn, and identify XNk×Zn−k∼=
[0,∞)k × Rn−k as in Example 3.15(iii), and Hom(P gp,R) ∼= Rn in the obvious
way. Following through the definition of ΦP in Proposition 3.40, we find that if
ΦP
(
(x1, . . . , xn), (y1, . . . , yn)
)
=
(
(x1, . . . , xn), v, v
′
)
, then v : C∞x (XP )→R is
v : [a] 7−→ y1x1
∂
∂x1
a(x1, . . . , xn) + · · ·+ ykxk
∂
∂xk
a(x1, . . . , xn)
+ yk+1
∂
∂xk+1
a(x1, . . . , xn) + · · ·+ yn
∂
∂xn
a(x1, . . . , xn).
Thus, the identification bTXP ∼= XP × R
n from (3.23) gives a basis of sections
of bTXP corresponding to x1
∂
∂x1
, . . . , xk
∂
∂xk
, ∂∂xk+1 , . . . ,
∂
∂xn
, as ordinary vector
fields on XP ∼= [0,∞)
k × Rn−k.
But in Definition 2.15(a) we defined the b-tangent bundle bT ([0,∞)k×Rn−k)
of [0,∞)k × Rn−k as a manifold with corners to have basis of sections x1
∂
∂x1
,
. . . , xk
∂
∂xk
, ∂∂xk+1 , . . . ,
∂
∂xn
. This shows the definitions of bT ([0,∞)k ×Rn−k) in
§2.3, and in Definition 3.39 and Proposition 3.40 above, are equivalent.
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Lemma 3.42. Let P,Q be weakly toric monoids, U ⊆ XP , V ⊆ XQ be open,
and f : U → V be an interior map, in the sense of Definition 3.12. Then the
composition of maps
U ×Hom(P gp,R)
ΦP |···
∼=
// bTU
bTf // bTV
ΨQ|···
∼=
// V ×Hom(Qgp,R)
is an interior map of manifolds with g-corners in the sense of §3.2–§3.3, where
bTf is as in Definition 3.39 and ΦP ,ΨQ as in Proposition 3.40.
Proof. Use the notation of Proposition 3.14(c). This gives a commutative dia-
gram of interior maps of manifolds with g-corners
XP ⊇ U
λp1×···×λpm
//
f

W ⊆ [0,∞)m
g

XQ ⊇ V
λq1×···×λqn // [0,∞)n.
(3.28)
Consider the diagram
U ×Hom(P gp,R)
ΦP |U×Hom(P gp,R)

(λp1×···×λpm )×
((◦p1)×···×(◦pm))
// W × Rm
∼=

bTU bT (λp1×···×λpm )
//
bTf

bTW
bTg 
bTV
ΨQ|bTV
bT (λq1×···×λqn ) // bT ([0,∞)n)
∼=

V ×Hom(Qgp,R)
(λq1×···×λqn )×
((◦q1)×···×(◦qn)) // [0,∞)n × Rn.
(3.29)
The middle rectangle commutes by applying the functor bT of Definition 3.39
to (3.28), and the upper and lower rectangles commute by the definitions.
The right hand column of (3.29) involves manifolds with corners W ⊆
[0,∞)m, [0,∞)n, and Example 3.41 showed that for these the definitions of
bTX in 2.3 and above, are equivalent. This equivalence is functorial, so the def-
initions of bTg in §2.3 and Definition 3.39 are also equivalent. But bTg in §2.3 is
an interior map of manifolds with corners. Hence the composition of the right
hand column in (3.29) is an interior map of manifolds with corners. Regarding
U ×Hom(P gp,R) and V ×Hom(Qgp,R) as open sets in XP×P gp , XQ×Qgp as in
Proposition 3.40, Proposition 3.14(c) with P × P gp, Q × Qgp in place of P,Q
now implies that the composition of the left hand column of (3.29) is an interior
map of manifolds with g-corners.
Note that (3.28)–(3.29) give a convenient way to compute the maps bTf :
bTX → bTY in Definition 3.39 locally. We can now give bTX the structure of
a manifold with g-corners, a vector bundle over X :
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Definition 3.43. Let X be a manifold with g-corners, so that bTX is defined
as a set in Definition 3.39, with projection π : bTX → X . Suppose (P,U, φ) is
a g-chart on X . For ΦP as in Proposition 3.40, consider the composition
U ×Hom(P gp,R)
ΦP |U×Hom(Pgp,R) // bTU
bTφ // bTX,
which has image bT (φ(U)) ⊆ bTX . Here U × Hom(P gp,R) is open in XP ×
Hom(P gp,R) ∼= XP ×XP gp ∼= XP×P gp , so identifying U ×Hom(P
gp,R) with an
open set in XP×P gp , we can regard(
P × P gp, U ×Hom(P gp,R), bTφ ◦ ΦP |U×Hom(P gp,R)
)
(3.30)
as a g-chart on bTX .
We claim that bTX has the unique structure of a manifold with g-corners
(including a topology), of dimension 2 dimX , such that (3.30) is a g-chart on
bTX for all g-charts (P,U, φ) on X , and that with this structure π : bTX → X
is interior and makes bTX into a vector bundle over X . To see this, note that if
(P,U, φ), (Q, V, ψ) are g-charts on X , then they are compatible, so the change
of g-charts morphism ψ−1 ◦ φ : φ−1
(
φ(U) ∩ ψ(V )
)
→ ψ−1
(
φ(U) ∩ ψ(V )
)
is
a diffeomorphism between open subsets of XP , XQ. Applying Lemma 3.42 to
ψ−1 ◦φ and its inverse implies that the change of charts morphism between the
g-charts (3.30) from (P,U, φ), (Q, V, ψ) is also a diffeomorphism, so (3.30) and
its analogue for (Q, V, ψ) are compatible.
Thus, the g-charts (3.30) from g-charts (P,U, φ) on X are all pairwise com-
patible. These g-charts (3.30) also cover bTX , since the image of (3.30) is
bTφ(U) ⊆ bTX , and the φ(U) cover X . Since X is Hausdorff and second
countable, one can show that there is a unique Hausdorff, second countable
topology on bTX such that for all (P,U, φ) as above, bTφ(U) is open in bTX ,
and bTφ ◦ ΦP |U×Hom(P gp,R) : U × Hom(P
gp,R) → bTφ(U) is a homeomor-
phism. Therefore the g-charts (3.30) form a g-atlas on bTX with this topology,
which extends to a unique maximal g-atlas, making bTX into a manifold with
g-corners. That π : bTX → X is interior and makes bTX into a rank n vector
bundle over X follows from the local models.
Since π : bTX → X is a vector bundle, it has a dual vector bundle, which
we call the b-cotangent bundle and write as π : bT ∗X → X
Now let f : X → Y be an interior map of manifolds with g-corners. Then
for all g-charts (P,U, φ) on X and (Q, V, ψ) on Y , the map ψ−1 ◦f ◦φ in (3.5) is
an interior map between open subsets of XP , XQ. Applying Lemma 3.42 shows
that the corresponding map for bTf : bTX → bTY and the g-charts (3.30) from
(P,U, φ), (Q, V, ψ) is also interior. As these g-charts cover bTX, bTY , this proves
that bTf : bTX → bTY is an interior map of manifolds with g-corners.
Clearly bTf : bTX → bTY satisfies π◦bTf = f ◦π and is linear on the vector
space fibres bTxX,
bTyY . Thus,
bTf induces a morphism of vector bundles on X ,
which we write as bdf : bTX → f∗(bTY ), as in §2.3. Dually, we have a morphism
of b-cotangent bundles, which we write as (bdf)∗ : f∗(bT ∗Y )→ bT ∗X .
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If g : Y → Z is another interior map of manifolds with g-corners, then bT (g◦
f) = bTg ◦ bTf implies that bd(g ◦ f) = f∗(bdg) ◦ bdf : bTX → (g ◦ f)∗(bTZ),
and dually (bd(g ◦ f))∗ = (bdf)∗ ◦ f∗((bdg)∗) : (g ◦ f)∗(bT ∗Z)→ bT ∗X .
Define the b-tangent functor bT :Mangcin →Man
gc
in to map
bT : X 7→ bTX
on objects, and bT : f 7→ bTf on (interior) morphisms f : X → Y . Then bT is
a functor, as in Definition 3.39. It extends naturally to bT : Mˇangcin → Mˇan
gc
in .
The projections π : bTX → X and zero sections 0 : X → bTX induce natural
transformations π : bT ⇒ Id and 0 : Id ⇒ bT . On the subcategories Mancin ⊂
Mangcin , Mˇan
c
in ⊂ Mˇan
gc
in , these functors
bT restrict to those defined in §2.3.
We show b-tangent bundles are compatible with products.
Example 3.44. LetX,Y be manifolds with g-corners, and consider the product
X × Y , with projections πX : X × Y → X , πY : X × Y → Y . These are interior
maps, so we may form bTπX :
bT (X × Y )→ bTX , bTπY : bT (X × Y )→ bTY ,
and take the direct product
(bTπX ,
bTπY ) :
bT (X × Y ) −→ bTX × bTY. (3.31)
Considering local models as in Proposition 3.40, it is easy to check that (3.31)
is a diffeomorphism. We sometimes use (3.31) to identify bT (X × Y ) with
bTX × bTY , and bT(x,y)(X × Y ) with
bTxX ⊕ bTyY . The functor bT preserves
products and direct products, in the sense of Proposition 2.11(f).
3.6 B-normal bundles of Ck(X)
In §2.4, if X is a manifold with (ordinary) corners, and Π : Ck(X) → X the
projection, we constructed a canonical rank k vector bundle π : bNCk(X) →
Ck(X), the b-normal bundle of Ck(X) in X , fitting into an exact sequence
0 // bNCk(X)
biT // Π∗(bTX)
bπT // bT (Ck(X)) // 0, (3.32)
and a monoid bundle MCk(X) ⊆
bNCk(X), a submanifold of
bNCk(X) such that
π : MCk(X) → Ck(X) is a locally constant family of toric monoids over Ck(X).
We showed that bNC(X) =
∐
k>0
bNCk(X) andMC(X) =
∐
k>0MCk(X) are func-
torial over interior f : X → Y , as for the corner functor C :Manc → Mˇanc.
We now generalize all this to manifolds with g-corners. As for bTX in §3.5 we
do this in stages: first we define bNCk(X),MCk(X) just as sets, and π :
bNCk(X) →
Ck(X),
bNC(f) :
bNC(X) →
bNC(Y ), MC(f) : MC(X) → MC(Y ) just as maps.
Then after some calculations, in Definition 3.48 we will give bNCk(X),MCk(X) the
structure of manifolds with g-corners, such that π, bNC(f),MC(f) are smooth.
Definition 3.45. Let X be a manifold with g-corners, and let (x, γ) ∈ Ck(X)
for k > 0. As in Definition 2.14 we have R-algebras C∞x (X) of germs [a] at x
of smooth functions a : X → R, and C∞(x,γ)
(
Ck(X)
)
of germs [b] at (x, γ) of
smooth functions b : Ck(X)→ R. Then composition with Π defines a map
Π∗ : C∞x (X) −→ C
∞
(x,γ)
(
Ck(X)
)
, Π∗ : [a] 7−→ [a ◦Π]. (3.33)
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This is an R-algebra morphism.
As in Definition 2.15 we have monoids Ix(X) of germs [c] at x of interior
functions c : X → [0,∞), and I(x,γ)(Ck(X)) of germs [d] at (x, γ) of interior
functions d : Ck(X) → [0,∞). If x ∈ U ⊆ X is open and c : U → [0,∞)
is interior, setting V = Π−1(U) ⊆ Ck(X) and d = c ◦ Π : V → [0,∞), then
(x, γ) ∈ V ⊆ Ck(X) is open and either d is interior near (x, γ), or d = 0 near
(x, γ). Thus composition with Π defines a map
Π∗ : Ix(X) −→ I(x,γ)(Ck(X)) ∐ {0},
Π∗ : [c] 7−→ [c ◦Π].
(3.34)
This is a monoid morphism, making I(x,γ)(Ck(X)) ∐ {0} into a monoid by
setting [d] · 0 = 0 for all [d] ∈ I(x,γ)(Ck(X)). (Note that [1] ∈ I(x,γ)(Ck(X)) is
the monoid identity element, not 0.) Define
bNCk(X)|(x,γ) =
{
α ∈ HomMon
(
Ix(X),R) :
α|(Π∗)−1[I(x,γ)(Ck(X))] = 0
}
,
(3.35)
MCk(X)|(x,γ) =
{
α ∈ HomMon
(
Ix(X),N) :
α|(Π∗)−1[I(x,γ)(Ck(X))] = 0
}
.
(3.36)
Then bNCk(X)|(x,γ) is a real vector space, and MCk(X)|(x,γ) is a monoid, and
MCk(X)|(x,γ) ⊆
bNCk(X)|(x,γ) as N ⊂ R. In Example 3.46 we will show that
bNCk(X)|(x,γ)
∼= Rk, and MCk(X)|(x,γ) is a toric monoid of rank k, with
bNCk(X)|(x,γ)
∼=MCk(X)|(x,γ) ⊗N R. (3.37)
Equation (3.22) defines bTxX as a vector space of pairs (v, v
′). We claim
that if α ∈ bNCk(X)|(x,γ), then (0, α) ∈
bTxX . To see this, note that the first
three conditions of (3.22) for (0, α) are immediate, and the final two follow from
the fact that if [c] ∈ Ix(X) with c(x) 6= 0 then Π∗([c]) ∈ I(x,γ)(Ck(X)), so
α([c]) = 0. Thus we may define a linear map
biT |(x,γ) :
bNCk(X)|(x,γ) −→
bTxX,
biT |(x,γ) : α 7−→ (0, α). (3.38)
Now let (v, v′) ∈ bTxX . We will show in Example 3.46 that there is a unique
(w,w′) ∈ bT(x,γ)Ck(X) such that w(Π
∗([a])) = v([a]) for all [a] ∈ C∞x (X) and
w′(Π∗([b])) = v′([b]) for all [b] ∈ Ix(X) with Π
∗([b]) 6= 0, where the Π∗ maps
are as in (3.33)–(3.34). Define a linear map bπT |(x,γ) :
bTxX → bT(x,γ)Ck(X)
by bπT |(x,γ) : (v, v
′) 7→ (w,w′). So we have a sequence
0 // bNCk(X)|(x,γ)
biT |(x,γ) // bTxX
bπT |(x,γ) // bT(x,γ)(Ck(X)) // 0 (3.39)
of real vector spaces, as in (3.32). It follows from the definitions that (3.39) is
a complex. We will show in Example 3.46 that (3.39) is exact.
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Just as sets, define the b-normal bundle bNCk(X) and monoid bundle MCk(X)
of Ck(X) in X by
bNCk(X) =
{
(x, γ, α) : (x, γ) ∈ Ck(X), α ∈
bNCk(X)|(x,γ)
}
,
MCk(X) =
{
(x, γ, α) : (x, γ) ∈ Ck(X), α ∈MCk(X)|(x,γ)
}
,
so that MCk(X) ⊆
bNCk(X). Define projections π :
bNCk(X) → Ck(X) and π :
MCk(X) → Ck(X) by π : (x, γ, α) 7→ (x, γ). Define
biT :
bNCk(X) → Π
∗(bTX)
by biT : (x, γ, α) 7→
(
(x, γ), biT |(x,γ)(α)
)
and bπT : Π
∗(bTX) → bT (Ck(X)) by
bπT :
(
(x, γ), (v, v′)
)
7→
(
(x, γ), bπT |(x,γ)(v, v
′)
)
. In Definition 3.48 we will make
bNCk(X),MCk(X) into manifolds with g-corners, such that π :
bNCk(X) → Ck(X)
is smooth and makes bNCk(X) into a vector bundle over Ck(X) of rank k, and
π : MCk(X) → Ck(X) is smooth and makes MCk(X) into a bundle of toric
monoids over Ck(X), and (3.32) is an exact sequence of vector bundles.
Define bNC(X) =
∐dimX
k=0
bNCk(X), with projection π :
bNC(X) → C(X) =∐dimX
k=0 Ck(X) given by π|bNCk(X)
= π : bNCk(X) → Ck(X). Set MC(X) =∐dimX
k=0 MCk(X), so that MC(X) ⊆
bNC(X), and define π = π|MC(X) : MC(X) →
C(X). Later we will see that bNC(X) is a manifold with g-corners of dimension
dimX , with π : bNC(X) → C(X) is a vector bundle of mixed rank, and MC(X)
is an object in Mˇangc, with π :MC(X) → C(X) a bundle of toric monoids.
Next let f : X → Y be an interior map of manifolds with g-corners, so that
C(f) : C(X) → C(Y ) is a morphism in Mˇangc as in §3.4. Define a map of
sets bNC(f) :
bNC(X) →
bNC(Y ) as in Definition 2.23 by
bNC(f) : (x, γ, α) 7→
(f(x), f∗(γ), α ◦ f∗), where f∗ : If(x)(Y ) → Ix(X) maps [c] 7→ [c ◦ f ], and is
well-defined as f is interior. From (3.35) we can check that if α ∈ bNCk(X)|(x,γ)
then α ◦ f∗ ∈ bNCl(Y )|(f(x),f∗(γ)). As C(f) : C(X) → C(Y ) maps C(f) :
(x, γ)→ (f(x), f∗(γ)), we have π ◦ bNC(f) = C(f) ◦ π :
bNC(X) → C(Y ). From
the definitions of bTf in Definition 3.39 and biT above, we see that the following
commutes:
bNC(X)
bNC(f)
biT
// bTX
bTf

bNC(Y )
biT // bTY.
(3.40)
This characterizes bNC(f), as
biT in (3.38) is injective.
Now MC(X) is the subset of points (x, γ, α) in
bNC(X) such that α maps to
N ⊂ R. If α maps to N then α◦f∗ maps to N, so bNC(f) mapsMC(X) →MC(Y ).
Define MC(f) :MC(X) →MC(Y ) by MC(f) =
bNC(f)|MC(X) .
If g : Y → Z is a second interior map of manifolds with g-corners, as α◦ f∗ ◦
g∗ = α ◦ (g ◦ f)∗ we see that bNC(g◦f) =
bNC(g) ◦
bNC(f) :
bNC(X) →
bNC(Z),
which implies that MC(g◦f) = MC(g) ◦ MC(f). Also
bNC(idX ) = idbNC(X) :
bNC(X) →
bNC(X), and MC(idX ) = idMC(X) . Hence the assignments X 7→
bNC(X), f 7→
bNC(f) and X 7→MC(X), f 7→MC(f) are functorial.
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Now let X be a manifold with (ordinary) corners. Then §2.4 defined a rank
k vector bundle bNCk(X) → Ck(X). Comparing the top row of (2.23) with
(3.32), and noting that the definitions of bTX agree in §2.3 and §3.5 agree for
manifolds with corners, we see that there is a canonical identification between
bNCk(X) defined in §2.4, and
bNCk(X) defined above. One can show this identifies
the subsetsMCk(X) ⊂
bNCk(X) in §2.4 and above. Comparing (2.24) and (3.40),
we see that for f : X → Y an interior map of manifolds with corners, the maps
bNC(f) defined in §2.4 and above coincide under these canonical identifications.
We work out the ideas of Definition 3.45 explicitly when X = XP .
Example 3.46. Let P be a weakly toric monoid, so that XP is a manifold with
g-corners as in Example 3.21. Example 3.30 gives a canonical diffeomorphism
Ck(XP ) ∼=
∐
faces F of P : codimF = k
XF . (3.41)
Suppose (x, γ) ∈ Ck(XP ) is identified with x
′ ∈ XF by (3.41), for some face
F of P . Let [a] ∈ Ix(XP ). Then by Definition 3.12, there exist an open
neighbourhood U of x in XP , an element p ∈ P and a smooth function h : U →
(0,∞) such that a = λp|U · h : U → [0,∞). Then
Π∗([a]) ∼= [(λp|U ) · h ◦ i
P
F ] ∈ I(x,γ)(Ck(XP )) ∐ {0}
∼= Ix′(XF )∐ {0},
where iPF : XF →֒ XP is as in Definition 3.26. But
λp ◦ i
P
F =
{
λ′p, p ∈ F,
0, p /∈ F,
where λ′p means λp, but on XF rather than XP . Therefore Π
∗([λp · h]) lies in
I(x,γ)(Ck(XP )) if and only if p ∈ F . So (3.35) becomes
bNCk(XP )|(x,γ) =
{
α : {[λp · h] : p ∈ P , h a germ of positive smooth functions
near x in XP } → R is a monoid morphism, and α([λp · h]) = 0 if p ∈ F
}
.
If α ∈ bNCk(XP )|(x,γ) then as α is a monoid morphism and 0 ∈ F
α
(
[λp · h]
)
= α([λp]) + α([λ0 · h]) = α([λp]) + 0 = α([λp]).
Thus we have canonical isomorphisms
bNCk(XP )|(x,γ)
∼=
{
β ∈ HomMon(P,R) : β|F = 0
}
∼= Hom(P gp/F gp,R). (3.42)
Here in the first step we identify α ∈ bNCk(XP )|(x,γ) with β : P → R by if
α([λp · h]) = β(p) for all p, h. In the second step, such β : P → R with β|F = 0
factor through β′ : P gp/F gp → R as R is a group. Similarly we have
MCk(XP )|(x,γ)
∼=
{
β ∈ HomMon(P,N) : β|F = 0
}
= F∧, (3.43)
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where F∧ is as in Proposition 2.16(c). It is a toric monoid of rank k. We have
bNCk(XP )|(x,γ)
∼=MCk(XP )|(x,γ) ⊗N R, proving (3.37).
Combining (3.41), (3.42) and (3.43) gives identifications like ΨP in (3.27):
Ψ′P :
bNCk(XP ) −→
∐
faces F of P : codimF = k
XF ×Hom(P
gp/F gp,R), (3.44)
Ψ′′P :MCk(XP ) −→
∐
faces F of P : codimF = k
XF × F
∧. (3.45)
These give bNCk(XP ) and MCk(XP ) the structure of manifolds with g-corners of
dimensions rankP and rankP−k, respectively. The projections π : bNCk(XP ) →
Ck(XP ), π : MCk(XP ) → Ck(XP ) are identified with the projections XF ×
Hom(P gp/F gp,R)→ XF , XF × F∧ → XF for each F , and so are smooth.
For the case P = Nk×Zn−k, so that XP ∼= [0,∞)k×R
n−k is a manifold with
(ordinary) corners, it is easy to check that the manifold with corner structures
on bNCk(XP ) and MCk(XP ) above coincide with those in §2.4.
Continuing with the notation above for (x, γ) ∈ Ck(XP ) identified with
x′ ∈ XF , Proposition 3.40 defined isomorphisms
bTxXP ∼= Hom(P
gp,R), and bT(x,γ)(Ck(XP )) ∼=
bTx′XF ∼= Hom(F
gp,R).
Under these isomorphisms and (3.42), one can show that equation (3.39) is
identified with the natural exact sequence
0 // Hom(P gp/F gp,R)
◦π // Hom(P gp,R)
|Fgp // Hom(F gp,R) // 0,
where π : P gp → P gp/F gp is the projection. Hence (3.39) is exact.
Here is an analogue of Lemma 3.42. It can be proved by the same method,
using the fact that bNC(g) defined in §2.4 for manifolds with (ordinary) corners
is a smooth map, and agrees with Definition 3.45 in this case.
Lemma 3.47. Let P,Q be weakly toric monoids, U ⊆ XP , V ⊆ XQ be open,
and f : U → V be an interior map, in the sense of Definition 3.12. Then the
composition of maps∐
faces F of P
(iPF )
−1(U)×Hom(P gp/F gp,R)

Ψ′P |
−1
···
∼= // bNC(U)
bNC(f)
∐
faces G of Q
(iQG)
−1(V )×Hom(Qgp/Ggp,R) bNC(V )
Ψ′Q|···
∼=
oo
is an interior map of manifolds with g-corners in the sense of §3.2–§3.3, where
bNC(f) is as in Definition 3.45 and Ψ
′
P ,Ψ
′
Q as in Example 3.46.
Definition 3.48. Let X be a manifold with g-corners, so that bNCk(X),MCk(X)
are defined as sets in Definition 3.45. Suppose (P,U, φ) is a g-chart on X . For
each face F of P with codimF = k, define a g-chart on bNCk(X)(
F × P gp/F gp, (iPF )
−1(U)×Hom(P gp/F gp,R), bNC(φ) ◦ (Ψ
′
P )
−1|···
)
. (3.46)
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Here (iPF )
−1(U)×Hom(P gp/F gp,R) is open in XF ×Hom(P gp/F gp,R) ∼= XF ×
XP gp/F gp ∼= XF×P gp/F gp , we identify (i
P
F )
−1(U) × Hom(P gp/F gp,R) with an
open set in XF×P gp/F gp , and Ψ
′
P is as in (3.44). Similarly, for each α ∈ F
∧,
with Ψ′′P as in (3.45), define a g-chart on MCk(X)(
F, (iPF )
−1(U), bMC(φ) ◦ (Ψ
′′
P )
−1 ◦ (id× α)
)
, (3.47)
where id× α : (iPF )
−1(U)→ XF × F
∧ maps id× α : y 7→ (y, α).
We claim that bNCk(X),MCk(X) have unique structures of manifolds with g-
corners (including a topology), of dimensions dimX and dimX−k respectively,
such that (3.46)–(3.47) are g-charts on bNCk(X),MCk(X) for all g-charts (P,U, φ)
on X , faces F of P , and α ∈ F∧. To see this, note that if (P,U, φ), (Q, V, ψ) are
g-charts on X , then they are compatible, so the change of g-charts morphism
ψ−1 ◦ φ : φ−1
(
φ(U)∩ψ(V )
)
→ ψ−1
(
φ(U)∩ψ(V )
)
is a diffeomorphism between
open subsets of XP , XQ. Applying Lemma 3.47 to ψ
−1◦φ and its inverse implies
that the change of charts morphisms between the g-charts (3.46)–(3.47) from
(P,U, φ), (Q, V, ψ) are also diffeomorphisms, so (3.46)–(3.47) and their analogues
for (Q, V, ψ) are compatible.
Thus, the g-charts (3.46) on bNCk(X) from g-charts (P,U, φ) on X are all
pairwise compatible. These g-charts also cover bNCk(X), since for fixed (P,U, φ)
the union over all faces F of image of (3.46) is bNCk(φ(U)) ⊆
bNCk(X), and the
φ(U) coverX , so the bNCk(φ(U)) cover
bNCk(X). SinceX is Hausdorff and second
countable, one can show that there is a unique Hausdorff, second countable
topology on bNCk(X) such that for all g-charts (3.46),
bNC(φ) ◦ (Ψ
′
P )
−1|··· is a
homeomorphism with an open set. Therefore the g-charts (3.46) form a g-atlas
on bNCk(X) with this topology, which extends to a unique maximal g-atlas,
making bNCk(X) into a manifold with g-corners. The same argument works for
MCk(X), using the g-charts (3.47).
Taking unions now shows that bNC(X) =
∐
k>0
bNCk(X) is a manifold with
g-corners of dimension dimX , andMC(X) =
∐
k>0MCk(X) an object of Mˇan
gc.
Definition 3.45 also defined an inclusion of sets MCk(X) →֒
bNCk(X), and
maps of sets π : bNCk(X) → Ck(X), π : MCk(X) → Ck(X),
biT :
bNCk(X) →
Π∗(bTX) and bπT : Π
∗(bTX)→ bT (Ck(X)). Example 3.46 showed that in the
local models XP , these are smooth, interior maps, with MCk(XP ) →֒
bNCk(XP )
an embedded submanifold, π : bNCk(XP ) → Ck(XP ) a vector bundle of rank k,
and π : MCk(XP ) → Ck(XP ) a locally constant bundle of toric monoids, and
biT ,
bπT bundle-linear and forming an exact sequence (3.32). Thus, using the g-
charts (3.46)–(3.47), we see that for general manifolds with g-cornersX ,MCk(X)
is an embedded submanifold of bNCk(X), and π :
bNCk(X) → Ck(X) is interior
and makes bNCk(X) into a vector bundle of rank k, and π : MCk(X) → Ck(X)
is interior and a locally constant bundle of toric monoids, and biT ,
bπT are
morphisms of vector bundles in an exact sequence (3.32).
Since π : bNCk(X) → Ck(X) is a vector bundle, it has a dual vector bundle,
which we call the b-conormal bundle and write as π : bN∗Ck(X) → Ck(X). Simi-
larly, π :MCk(X) → Ck(X) has a natural dual bundle π :M
∨
Ck(X)
→ Ck(X), the
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comonoid bundle, with fibres M∨Ck(X)|(x,γ) the dual toric monoids MCk(X)|
∨
(x,γ).
Equation (3.37) implies there is a natural inclusion M∨Ck(X) →֒
bN∗Ck(X) as an
embedded submanifold.
Now let f : X → Y be an interior map of manifolds with g-corners. Then
for all g-charts (P,U, φ) on X and (Q, V, ψ) on Y , the map ψ−1 ◦ f ◦ φ in
(3.5) is an interior map between open subsets of XP , XQ. Applying Lemma
3.47 shows that the corresponding maps for bNC(f) :
bNC(X) →
bNC(Y ) and
MC(f) :MC(X) →MC(Y ) and the g-charts (3.46)–(3.47) from (P,U, φ), (Q, V, ψ)
are also interior. As these g-charts cover bNC(X),
bNC(Y ),MC(X),MC(Y ), this
proves that bNC(f) :
bNC(X) →
bNC(Y ) and MC(f) : MC(X) → MC(Y ) are
interior morphisms in Mangc and Mˇangc.
Since π ◦ bNC(f) = C(f) ◦π and
bNC(f) is bundle-linear, we may also regard
bNC(f) as a morphism
bNC(f) :
bNC(X) → C(f)
∗(bNC(Y )) of vector bundles
of mixed rank over C(X), with dual morphism bN∗C(f) : C(f)
∗(bN∗C(Y )) →
bN∗C(X). Similarly, we can regard MC(f) as a morphism MC(f) : MC(X) →
C(f)∗(MC(Y )) of toric monoid bundles over C(X), with dual morphismM
∨
C(f) :
C(f)∗(M∨C(Y ))→M
∨
C(X).
Definition 3.39 showed that the maps NC(f),MC(f) are functorial. Thus
X 7→ bNC(X), f 7→
bNC(f) defines functors
bNC : Man
gc
in → Man
gc
in and
bNC : Mˇan
gc
in → Mˇan
gc
in , which we call the b-normal corner functors. Similarly
X 7→ MC(X), f 7→ MC(f) defines functors MC : Man
gc
in , Mˇan
gc
in → Mˇan
gc
in ,
which we call the monoid corner functors.
We show bNCk(X),MC(X) are compatible with products.
Example 3.49. Let X,Y be manifolds with g-corners, and consider the prod-
uct X × Y . Then C(X × Y ) ∼= C(X) × C(Y ), as in §3.4. The projections
πX : X × Y → X , πY : X × Y → Y are interior maps, so we may form
bNC(πX),
bNC(πY ),MC(πX),MC(πY ), and take the direct products
(bNC(πX),
bNC(πY )) :
bNC(X×Y ) −→
bNC(X) ×
bNC(Y ), (3.48)
(MC(πX),MC(πY )) :MC(X×Y ) −→MC(X) ×MC(Y ). (3.49)
Considering local models as in Example 3.46, we find that (3.48)–(3.49) are dif-
feomorphisms. We sometimes use (3.48)–(3.49) to identify bNC(X×Y ),MC(X×Y )
with bNC(X) ×
bNC(Y ),MC(X) ×MC(Y ). The functors
bNC ,MC preserve prod-
ucts and direct products, in the sense of Proposition 2.11(f).
As for Proposition 2.24 we have:
Proposition 3.50. Definition 3.48 defines functors bNC : Man
gc
in → Man
gc
in ,
bNC : Mˇan
gc
in → Mˇan
gc
in and MC : Man
gc
in , Mˇan
gc
in → Mˇan
gc
in , preserving
(direct) products, with a commutative diagram of natural transformations:
MC
inclusion
Π
(0❨❨❨❨
❨❨❨❨❨
❨❨❨
❨❨❨❨❨
❨❨❨❨❨
❨❨
C
zero section 0 .6❡❡❡❡❡❡❡❡❡❡❡❡
❡❡❡❡❡❡❡❡❡❡❡❡
zero section 0 (0❳
❳❳❳❳❳
❳❳❳❳❳
❳
❳❳❳❳❳
❳❳❳❳❳
❳❳ C.
bNC Π
.6❢❢❢❢❢❢❢❢❢❢❢❢
❢❢❢❢❢❢❢❢❢❢❢❢
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Here is the analogue of Definition 2.25.
Definition 3.51. Let X be a manifold with g-corners. For x ∈ Sk(X) ⊆ X , as
above we have a monoid Ix(X) of germs [c] at x of interior functions c : X →
[0,∞), and a submonoid C∞x (X, (0,∞)) ⊆ Ix(X) of [c] with c(x) > 0. In a
similar way to (3.35)–(3.36), define
bN˜xX =
{
α ∈ HomMon
(
Ix(X),R
)
: α|C∞x (X,(0,∞)) = 0
}
, (3.50)
bN˜>0x X =
{
α ∈ HomMon
(
Ix(X), ([0,∞),+)
)
:
α|C∞x (X,(0,∞)) = 0
}
,
(3.51)
M˜xX =
{
α ∈ HomMon
(
Ix(X),N
)
: α|C∞x (X,(0,∞)) = 0
}
, (3.52)
so that M˜xX ⊆ bN˜>0x X ⊆
bN˜xX . Here ([0,∞),+) in (3.51) is [0,∞) with
monoid operation addition, rather than multiplication as usual. As in Example
3.46, one can show that M˜xX ∼= N
k is a toric monoid of rank k = depthX x,
with bN˜xX = M˜xX⊗NR ∼= R
k the corresponding real vector space, and bN˜>0x X
as the corresponding rational polyhedral cone in bN˜xX , as in §3.1.4.
Now let f : X → Y be an interior map of manifolds with g-corners, and
x ∈ X with f(x) = y ∈ Y . As for bNC(f) in Definition 3.45, define maps
bN˜xf :
bN˜xX → bN˜yY , bN˜>0x f :
bN˜>0x X →
bN˜>0y Y and M˜xf : M˜xX → M˜yY to
map α 7→ α ◦ f∗, where f∗ : Iy(Y ) → Ix(X) maps [c] 7→ [c ◦ f ]. Then bN˜xf
is linear, and bN˜>0x f, M˜xf are monoid morphisms. These
bN˜xX,
bN˜>0x X, M˜xX,
bN˜xf,
bN˜>0x f, M˜xf are functorial.
When X,Y are manifolds with (ordinary) corners, these definitions of bN˜xX,
bN˜>0x X, M˜xX,
bN˜xf,
bN˜>0x f, M˜xf are canonically isomorphic to those in §2.4.
We could define bN˜X =
{
(x, v) : x ∈ X , v ∈ bN˜xX
}
and bN˜f : bN˜X →
bN˜Y by bN˜f : (x, v) 7→ (f(x), bN˜xf(v)), and similarly for bN˜>0X, bN˜>0f and
M˜X, M˜f , and these would also be functorial. They are useful for stating con-
ditions on interior f : X → Y . However, in contrast to bNC(X) above, these
bN˜X, bN˜>0X would not be manifolds with g-corners, as the dimensions of bN˜xX,
bN˜>0x X vary discontinuously with x in X . The rational polyhedral cones
bN˜>0x X
may not be manifolds with g-corners either.
The relation between MCk(X)|(x,γ) and M˜xX in Definitions 3.45 and 3.51 is
this: for each x ∈ Sk(X) ⊆ X , there is a unique local k-corner component γ
to X at x, and then MCk(X)|(x,γ)
∼= M˜xX . More generally, if δ is some local
l-corner component of X at x for l = 0, . . . , k, then MCl(X)|(x,δ)
∼= M˜xX/F for
some face F of M˜xX with rankF = k − l, and there is a 1-1 correspondence
between such δ and such F . Also, writing P = M˜xX , as a toric monoid, then
X near x is locally modelled on XP × R
dimX−k near (δ0, 0). Since XP is a
manifold with (ordinary) corners near δ0 if and only if P ∼= N
k, we deduce:
Lemma 3.52. Let X be a manifold with g-corners. Then X is a manifold with
corners if and only if the following two equivalent conditions hold:
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(i) MCk(X)|(x,γ)
∼= Nk for all (x, γ) ∈ Ck(X) and k > 0.
(ii) M˜xX ∼= N
k for all x ∈ X, for k > 0 depending on x.
4 Differential geometry of manifolds with
g-corners
We now extend parts of ordinary differential geometry to manifolds with g-
corners: special classes of smooth maps; immersions, embeddings and subman-
ifolds; transversality and fibre products in Mangc,Mangcin ; and other topics.
The proofs of Theorems 4.10, 4.15, 4.26, 4.27 and 4.28 below are deferred to §5.
4.1 Special classes of smooth maps
We define several classes of smooth maps of manifolds with g-corners.
Definition 4.1. Let f : X → Y be a smooth map of manifolds with g-corners.
We call f simple if either (hence both) of the following two conditions hold:
(i) MC(f) : MC(X) → C(f)
∗(MC(Y )) in §3.6 is an isomorphism of monoid
bundles over C(X).
(ii) f is interior and M˜xf : M˜xX → M˜f(x)Y in Definition 3.51 is an isomor-
phism of monoids for all x ∈ X .
It is easy to show that (i) and (ii) are equivalent. For manifolds with (ordinary)
corners, this agrees with the definition of simple maps in §2.1.
Clearly, compositions of simple morphisms, and identity morphisms, are
simple. Thus, we may define subcategories Mangcsi ⊂ Man
gc and Mˇangcsi ⊂
Mˇangc with all objects, and morphisms simple maps. Simple maps are closed
under products (that is, if f : W → Y , g : X → Z are simple then f × g :
W×X → Y ×Z is simple), but not under direct products (that is, if f : X → Y ,
g : X → Z are simple then (f, g) : X → Y × Z need not be simple).
Suppose f : X → Y is a simple morphism in Mangc. Then C(f) : C(X)→
C(Y ) is a simple morphism in Mˇangc. If (x, γ) ∈ Ck(X) with C(f)(x, γ) =
(y, δ) ∈ Cl(Y ) thenMC(X)|(x,γ) ∼=MC(Y )|(y,δ) by (i). But k = rankMC(X)|(x,γ),
l = rankMC(Y )|(y,δ), so k = l, and C(f) maps Ck(X) → Ck(Y ) for all k =
0, 1, . . . , and maps ∂X → ∂Y when k = 1.
Thus, we may define a boundary functor ∂ : Mangcsi → Man
gc
si mapping
X 7→ ∂X on objects and f 7→ ∂f := C(f)|C1(X) : ∂X → ∂Y on (simple)
morphisms f : X → Y , and for all k > 0 a k-corner functor Ck : Man
gc
si →
Mangcsi mapping X 7→ Ck(X) on objects and f 7→ Ck(f) := C(f)|Ck(X) :
Ck(X)→ Ck(Y ) on morphisms. They extend to ∂, Ck : Mˇan
gc
si → Mˇan
gc
si .
Diffeomorphisms are simple maps. Simple maps are important in the defi-
nition of Kuranishi spaces with corners in [12]. Next we define b-normal maps
between manifolds with g-corners. For manifolds with (ordinary) corners, these
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were introduced by Melrose [25–28], and several equivalent definitions appear
in the literature, two of which we extend to manifolds with g-corners. For
manifolds with corners, part (i) below (translated into our notation) appears in
Grieser [7, Def. 3.9], and part (ii) in [26, §2], [28, Def. 2.4.14].
Definition 4.2. Let f : X → Y be a smooth map of manifolds with g-corners.
We call f b-normal if either of the following two equivalent conditions hold:
(i) C(f) : C(X)→ C(Y ) in §3.4 maps Ck(X)→
∐k
j=0 Cj(Y ) for all k > 0.
(ii) f is interior, and bNC(f) :
bNC(X) → C(f)
∗
(
bNC(Y )
)
in §3.6 is a surjective
morphism of vector bundles of mixed rank on C(X).
For manifolds with (ordinary) corners, this agrees with the definition of b-
normal maps in §2.1, by Proposition 2.11(c).
B-normal maps are closed under composition and include identities, so man-
ifolds with g-corners with b-normal maps define a subcategory of Mangc. B-
normal maps are closed under products, but not under direct products, as Ex-
ample 2.12(a) shows.
The following notation is sometimes useful, for instance in describing bound-
aries of fibre products. If f : X → Y is b-normal then C(f) maps C1(X) →
C0(Y )∐C1(Y ), where C1(X) = ∂X , C1(Y ) = ∂Y , and ι : Y → C0(Y ) is a diffeo-
morphism. Define ∂f+X = C(f)|
−1
C1(X)
(C0(Y )) and ∂
f
−X = C(f)|
−1
C1(X)
(C1(Y )).
Then ∂f±(X) are open and closed in ∂X , with ∂X = ∂
f
+X ∐ ∂
f
−X . Define f+ :
∂f+X → Y and f− : ∂
f
−X → ∂Y by f+ = ι
−1 ◦ C(f)|∂f+X
and f− = C(f)|∂f
−
X .
Then f± are smooth maps of manifolds with g-corners. Also, C(f±) are
related to C(f) by an e´tale cover, so by (i) or (ii) we see that f+ and f− are
both b-normal. So we can iterate the process, and define f+,− : ∂
f+
− ∂
f
+X → ∂Y ,
and so on, where ∂2X = ∂
f+
+ ∂
f
+X ∐ ∂
f+
− ∂
f
+X ∐ ∂
f−
+ ∂
f
−X ∐ ∂
f−
− ∂
f
−X .
A smooth map f : X → Y of manifolds without boundary is a submer-
sion if df : TX → f∗(TY ) is a surjective morphism of vector bundles on X .
For manifolds with corners, b-submersions and b-fibrations are two notions of
submersions, as in Melrose [25, §I], [26, §2], [28, §2.4]. Both are important in
Melrose’s theory of analysis on manifolds with corners. We extend to g-corners.
Definition 4.3. Let f : X → Y be an interior map of manifolds with g-corners.
We call f a b-submersion if bdf : bTX → f∗(bTY ) is a surjective morphism of
vector bundles onX . We call f a b-fibration if f is b-normal and a b-submersion.
B-submersions and b-fibrations are both closed under composition and con-
tain identities, and so define subcategories of Mangc. B-submersions and b-
fibrations are closed under products, but not under direct products.
If f is a b-submersion or b-fibration of manifolds with (ordinary) corners, so
that TX, TY are defined, then df : TX → f∗(TY ) need not be surjective.
Example 4.4. (i) Any projection πX : X × Y → X for X,Y manifolds with
g-corners is b-normal, a b-submersion, and a b-fibration.
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(ii)Define f : [0,∞)2 → [0,∞) by f(x, y) = xy. Then bdf is given by the matrix(
1
1
)
with respect to the bases
(
x ∂∂x , y
∂
∂y
)
for bT
(
[0,∞)2
)
and z ∂∂z for
bT
(
[0,∞)
)
,
so bdf is surjective, and f is a b-submersion. Also C(f) maps C0
(
[0,∞)2
)
→
C0
(
[0,∞)
)
, C1
(
[0,∞)2
)
→C1
(
[0,∞)
)
, and C2
(
[0,∞)2
)
→C1
(
[0,∞)
)
. Thus f
is b-normal by Definition 4.2(i), and a b-fibration.
(iii) Define g : [0,∞) × R → [0,∞)2 by g(w, x) = (w,wex). Then bdg is given
by the matrix
(
1 0
1 1
)
with respect to the bases
(
w ∂∂w ,
∂
∂x
)
for bT
(
[0,∞)×R
)
and(
y ∂∂y , z
∂
∂z
)
for bT
(
[0,∞)2
)
, so g is a b-submersion.
Also C(g) maps C0
(
[0,∞) × R
)
→ C0
(
[0,∞)2), but C1
(
[0,∞) × R
)
→
C2
(
[0,∞)2
)
. Thus g is not b-normal, or a b-fibration, by Definition 4.2(i).
4.2 Immersions, embeddings, and submanifolds
Recall some definitions and results for ordinary manifolds without boundary:
Definition 4.5. A smooth map i : X → Y of manifolds without boundary
X,Y is an immersion if di : TX → i∗(TY ) is an injective morphism of vector
bundles on X , and an embedding if also i : X → i(X) is a homeomorphism,
where i(X) ⊆ Y is the image.
An immersed (or embedded) submanifold X of Y is an immersion (or em-
bedding) i : X → Y , where usually we take i to be implicitly given. For the
case of embedded submanifolds, as in Remark 4.7(A) below we often identify X
with the image i(X) ⊆ Y , and consider X to be a subset of Y .
Theorem 4.6. Let i : X → Y be an embedding of manifolds without boundary
X,Y of dimensions m,n. Then for each x ∈ X, there exist local coordinates
(y1, . . . , yn) defined on an open neighbourhood V of i(x) in Y, such that i(X)∩
V =
{
(y1, . . . , ym, 0, . . . , 0) ∈ V
}
, and setting U = i−1(V ) ⊆ X and xa = ya◦i :
U → R, then (x1, . . . , xm) are local coordinates on U ⊆ X.
Remark 4.7. Theorem 4.6 has two important consequences:
(A) We can give the image i(X) the canonical structure of a manifold without
boundary, depending only on the subset i(X) ⊆ Y . Then i : X → i(X) is a
diffeomorphism. Thus, we can regard embedded submanifolds X →֒ Y as
being special subsets X ⊆ Y , rather than special smooth maps i : X → Y .
(B) Locally in Y , we can describe embedded submanifolds X →֒ Y in two
complementary ways: either as the image of an embedding i : X → Y ,
or as the zeroes ym+1 = · · · = yn = 0 of dim Y − dimX local, transverse
smooth functions ym+1, . . . , yn : Y → R.
We now extend all this to manifolds with g-corners. Our aim is to give a
definition of embedding i : X → Y of manifolds with g-corners X,Y , which
is as general as possible such that an analogue of Theorem 4.6 holds, and in
particular, so that the manifold with g-corner structure on X can be recovered
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up to canonical diffeomorphism from the subset i(X) ⊆ Y and the manifold
with g-corner structure on Y . This turns out to be quite complicated.
For interior maps i : X → Y of manifolds with g-corners, the obvious way to
define immersions would be to require bdi : bTX → i∗(bTY ) to be injective. This
is implied by the definition, but we also impose extra conditions on how i acts
on the monoids M˜xX, M˜yY and tangent spaces to strata TxS
k(X), TyS
l(Y ).
Definition 4.8. Let i : X → Y be a smooth map of manifolds with g-corners,
or more generally a morphism in Mˇangc. We will define when i is an immersion,
first when i is interior, and then in the general case.
If i is interior, we call i an immersion (or interior immersion) if whenever
x ∈ Sk(X) ⊆ X with i(x) = y ∈ Sl(Y ) ⊆ Y , then:
(i) d(i|Sk(X))|x : TxS
k(X)→ TyS
l(Y ) must be injective;
(ii) The monoid morphism M˜xi : M˜xX → M˜yY (defined as i is assumed
interior) must be injective; and
(iii) The quotient monoid M˜yY
/
(M˜xi)[M˜xX ] must be torsion-free.
To understand this, note that we have noncanonical splittings
bTxX ∼= (M˜xX ⊗Z R)⊕ TxS
k(X), bTyY ∼= (M˜yY ⊗Z R)⊕ TyS
l(Y ),
and with respect to these we have
bTxi =
(
M˜xi⊗Z R ∗
0 d(i|Sk(X))|x
)
:
M˜xX ⊗Z R
⊕ TxSk(X)
−→
M˜yY ⊗Z R
⊕ TySl(Y ).
(4.1)
Conditions (i),(ii) are equivalent to the diagonal terms in this matrix being
injective, and so imply that bTxi :
bTxX → bTyY is injective. Conversely, bTxi
injective implies (ii), but not necessarily (i). So for i to be an interior immersion
implies that bdi : bTX → i∗(bTY ) is an injective morphism of vector bundles,
but is stronger than this.
If i : X → Y is a general smooth map of manifolds with g-corners then C(i) :
C(X)→ C(Y ) is an interior morphism in Mˇangc, and we call i an immersion
if C(i) is an interior immersion in the sense above. It is not difficult to show
that C(i)|C0(X) : C0(X) → C(Y ) an interior immersion implies C(i)|Ck(X) :
Ck(X) → C(Y ) is an interior immersion for k > 0, so we could instead say i
is an immersion if C(i)|C0(X) : C0(X) → C(Y ) is an interior immersion. If i is
interior then C(i)|C0(X) maps C0(X)→ C0(Y ) and is naturally identified with
i : X → Y , so this yields the same definition of immersion as before.
We call i : X → Y an embedding if it is an immersion, and i : X → i(X)
is a homeomorphism (so in particular, i is injective). We call i : X → Y an
s-immersion (or s-embedding) if it is a simple immersion (or simple embedding).
An immersed, or embedded, or s-immersed, or s-embedded submanifold X of
Y is an immersion, or embedding, or s-immersion, or s-embedding i : X → Y ,
respectively, where usually we take i to be implicitly given. For the case of
(s-)embedded submanifolds, we often identify X with the image i(X) ⊆ Y , and
consider X to be a subset of Y .
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Example 4.9. (i) Define X = Y = [0,∞), and f : X → Y by f(x) = x2.
Then f is interior, and bdf : bTX → f∗(bTY ) maps x ∂∂x 7→ 2y
∂
∂y , and so is an
isomorphism of vector bundles. However, f is not an immersion or embedding,
because M˜0f : M˜0X → M˜0Y is the map N → N, n 7→ 2n, so the quotient
monoid M˜0Y
/
(M˜0f)[M˜0X ] is N/2N = Z2, which is not torsion-free.
We do not want f to be an embedding, as Remark 4.7(A) fails for f . As
f(X) = Y , the only sensible manifold with g-corners structure on f(X) depend-
ing only on f(X) ⊆ Y and the manifold with g-corners structure on Y , is to give
f(X) the same manifold with g-corners structure as Y . But then f : X → f(X)
is not a diffeomorphism. The torsion-free condition in Definition 4.8(iii), which
fails for f , will be needed to prove the analogue of Remark 4.7(A).
(ii) Define X = [0,∞), Y = [0,∞)2, and g : X → Y by g(x) = (x2, x3) = (y, z).
Then g is interior, and bdg : bTX → g∗(bTY ) maps x ∂∂x 7→ 2y
∂
∂y + 3z
∂
∂z , and
so is an injective morphism of vector bundles.
The monoid morphism M˜0g : M˜0X → M˜0Y is the map N → N
2, n 7→
(2n, 3n). The quotient monoid M˜0Y
/
M˜0g[M˜0X ] is Z, which is torsion-free, with
projection M˜0Y → M˜0Y
/
M˜0g[M˜0X ] the map N
2 → Z taking (m,n) 7→ 3m−2n.
So g is an embedding. Here the torsion-free condition holds as the powers 2,3
in g(x) = (x2, x3) have highest common factor 1.
Note that the embedded submanifold g(X) ⊂ Y may be defined as the
solutions of the equation y3 = z2 in Y , in smooth maps Y → [0,∞).
Note too that the smooth function x : X → [0,∞) cannot be written h ◦ g
for any smooth function h : Y → [0,∞). So when we identify X with the
diffeomorphic embedded submanifold g(X) ⊂ Y , this does not imply that the
smooth functions X → R or X → [0,∞) can be identified with the restrictions
of smooth functions Y → R or Y → [0,∞) to g(X) ⊂ Y .
(iii) Define X = [0,∞)×R, Y = [0,∞)2, and h : X → Y by h(w, x) = (w,wex)
= (y, z). Then h is interior, and bdh : bTX → h∗(bTY ) is given by the matrix(
1 0
1 1
)
with respect to the bases
(
w ∂∂w ,
∂
∂x
)
for bTX and
(
y ∂∂y , z
∂
∂z
)
for bTY , so
bdh is an isomorphism. The monoid morphism M˜(0,x)h : M˜(0,x)X → M˜(0,0)Y
maps N→ N2, n 7→ (n, n), and the quotient monoid M˜(0,0)Y
/
M˜(0,x)h[M˜(0,x)X ]
is Z, which is torsion-free.
However, h is not an immersion or embedding, as at (0, x) ∈ S1(X) with
h(0, x) = (0, 0) ∈ S2(Y ), the map d(h|S1(X))|(0,x) : T(0,x)S
1(X) → T(0,0)S
2(Y )
in Definition 4.8(i) maps R→ 0, and is not injective.
(iv) As in Proposition 3.14, let P be a weakly toric monoid, choose generators
p1, . . . , pm for P and a generating set of relations (3.3) for p1, . . . , pm, and con-
sider the interior map Λ = λp1 × · · · × λpm : XP → [0,∞)
m, which has image
Λ(XP ) = X
′
P ⊆ [0,∞)
m defined in (3.4) by equations in [0,∞)m.
One can check that Λ : XP → [0,∞)m is an embedding. In particu-
lar, bdΛ : bTXP → Λ∗(bT [0,∞)m) is the injective morphism of trivial vec-
tor bundles XP × Hom(P,R) → XP × Hom(N
m,R) induced by the injective
linear map Hom(P,R)→ Hom(Nm,R) by composition with the surjective mor-
phism π : Nm → P mapping (a1, . . . , am) 7→ a1p1 + · · · + ampm. Similarly,
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M˜δ0Λ : M˜δ0XP → M˜0[0,∞)
m is the map Hom(P,N) → Hom(Nm,N) by com-
position with π, and this is injective with torsion-free quotient as π is surjective.
Thus, any XP is an embedded submanifold of some [0,∞)m, so locally any
manifold with g-corners is an embedded submanifold of a manifold with corners.
Here are some local properties of immersions, proved in §5.1.
Theorem 4.10. Suppose Q,R are toric monoids, V is an open neighbourhood
of (δ0, 0) in XQ × R
m, and i : V → XR × R
n is an interior immersion with
i(δ0, 0) = (δ0, 0). Then:
(i) rankQ 6 rankR and m 6 n.
(ii) There is an open neighbourhood V˜ of (δ0, 0) in V such that i|V˜ : V˜ → i(V˜ )
is a homeomorphism, that is, i|V˜ : V˜ → XR × R
n is an embedding.
(iii) There is a natural identification of the monoid morphism
M˜(δ0,0)i : M˜(δ0,0)(XQ × R
m) −→ M˜(δ0,0)(XR × R
n) (4.2)
with α∨ : Q∨ → R∨, for α : R→ Q a unique monoid morphism.
Then Q,α and m are determined uniquely, up to canonical isomorphisms
of Q, by the subset i(V˜ ) in XR × R
n near (δ0, 0), for V˜ as in (ii).
(iv) Suppose P is another toric monoid, U is an open neighbourhood of (δ0, 0)
in XP ×R
l, and f : U → XR×R
n is a smooth map with f(δ0, 0) = (δ0, 0)
and f(U) ⊆ i(V˜ ), for V˜ as in (ii). Then there is an open neighbourhood
U˜ of (δ0, 0) in U and a unique smooth map g : U˜ → V˜ with f |U˜ = i ◦ g :
U˜ → XR × R
n.
(v) Now suppose α : R → Q in (iii) is an isomorphism, and m = n. Then
there exist open neighbourhoods V˙ of (δ, 0) in V and W˙ of (δ, 0) in XR×
Rn such that i|V˙ : V˙ → W˙ is a diffeomorphism.
We give three corollaries of Theorem 4.10. The first is a factorization prop-
erty of embeddings.
Corollary 4.11. Suppose f : W → Y and i : X → Y are smooth maps of
manifolds with g-corners, with i an embedding, and f(W ) ⊆ i(X). Then there
is a unique smooth map g :W → X with f = i ◦ g.
If also f is an embedding, then g is an embedding.
Proof. First assume i is interior. The fact that there is a unique continuous
map g : W → X with f = i ◦ g follows from i : X → i(X) a homeomorphism.
If w ∈ W with g(w) = x ∈ X and f(w) = y ∈ Y , then W near w is locally
modelled on XP ×R
l near (δ0, 0), and X near x is locally modelled on XQ×R
m
near (δ0, 0), and Y near y is locally modelled on XR×R
n near (δ0, 0), for some
toric monoids P,Q,R and l,m, n > 0. Using Theorem 4.10(iv) we see that g is
smooth near w in W , so g is smooth.
If i is not interior, then C(i)|C0(X) : C0(X)
∼= X → C(Y ) is an interior
embedding, and we use basically the same proof with C(i)|C0(X) in place of i.
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The final part is easy to check from Definition 4.8. For example, in Defi-
nition 4.8(i),(ii) d(f |Sk(W ))|w, M˜xf injective imply d(g|Sk(W ))|w , M˜xg injective,
as d(f |Sk(W ))|w, M˜xf factor via d(g|Sk(W ))|w, M˜xg.
The second is an analogue of Remark 4.7(A). It means we can regard embed-
ded submanifolds of manifolds with g-corners Y as being special subsets X ⊆ Y ,
rather than special smooth maps i : X → Y .
Corollary 4.12. Suppose i : X → Y is an embedding of manifolds with g-
corners. Then we can construct on the image i(X) the canonical structure of
a manifold with g-corners, depending only on the subset i(X) ⊆ Y and the
manifold with g-corners structure on Y and independent of i,X, and with this
structure i : X → i(X) is a diffeomorphism.
Proof. Since i : X → i(X) is a homeomorphism by Definition 4.8, there is a
unique manifold with g-corners structure on i(X), such that i : X → i(X) is a
diffeomorphism. We have to prove this depends only on the subset i(X) ⊆ Y ,
and not on the choice of manifold with g-corners X and embedding i : X → Y
with image i(X). So suppose i′ : X ′ → Y is another embedding of manifolds
with g-corners with i′(X ′) = i(X). Corollary 4.11 gives unique smooth maps
g : X → X ′ with i = i′◦g, and h : X ′ → X with i′ = i◦h. Then i◦h◦g = i′◦g = i,
so h ◦ g = idX as i is injective, and similarly g ◦ h = idX′ .
Thus g and h are inverse, and g : X → X ′ is a diffeomorphism. Hence
the manifold with g-corners structure on i(X) making i : X → i(X) a diffeo-
morphism is the same as the manifold with g-corners structure on X making
i′ : X ′ → i(X) a diffeomorphism, and is independent of the choice of X, i.
Here are analogues of Definition 2.18 and Proposition 2.19.
Definition 4.13. A smooth map f : X → Y of manifolds with g-corners is
called e´tale if it is a local diffeomorphism. That is, f is e´tale if and only if for
all x ∈ X there are open neighbourhoods U of x in X and V = f(U) of f(x) in
Y such that f |U : U → V is a diffeomorphism (invertible with smooth inverse).
Corollary 4.14. A smooth map f : X → Y of manifolds with g-corners is
e´tale if and only if f is simple (hence interior) and bdf : bTX → f∗(bTY ) is
an isomorphism of vector bundles on X.
If f is e´tale, then f is a diffeomorphism if and only if it is a bijection.
Proof. Suppose f is e´tale. For x ∈ X with f(x) = y, f has a local inverse
g near x, so bdf |x : bTxX → bTyY is an isomorphism with inverse bdg|y :
bTyY →
bTxX , and M˜xf : M˜xX → M˜yY is an isomorphism with inverse
M˜yg : M˜yY → M˜xX . As this holds for all x ∈ X , bdf : bTX → f∗(bTY ) is an
isomorphism, and f is simple. This proves the ‘only if’ part.
Next suppose f is simple and bdf is an isomorphism, and let x ∈ X with
f(x) = y ∈ Y . Then X near x is locally modelled on XQ×R
m near (δ0, 0), and
Y near y is locally modelled on XR × R
n near (δ0, 0), for some toric monoids
Q,R and m,n > 0. Also f is an immersion, so we can apply Theorem 4.10. As
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f is simple, α : R → Q identified with (4.2) is an isomorphism, and as bdf is
an isomorphism, dimX = dim Y , so m = n. Thus Theorem 4.10(v) says there
exist open neighbourhoods x ∈ V˙ ⊆ X and y ∈ W˙ ⊆ Y with f |V˙ : V˙ → W˙ a
diffeomorphism. Hence f is e´tale, proving the ‘if’ part.
For the final part, diffeomorphisms are e´tale bijections, and if f : X → Y
is an e´tale bijection, then it has an inverse map f−1 : Y → X , and the e´tale
condition implies that f−1 is smooth near each point f(x) in Y , so f−1 is
smooth, and f is a diffeomorphism.
Next we investigate the analogue of Remark 4.7(B): the question of whether
embedded submanifolds X →֒ Y can be described locally as the solutions of
dimY − dimX transverse equations in Y , and conversely, whether the solution
set of k transverse equations in Y is an embedded submanifold X →֒ Y with
dimY − dimX = k. The answer turns out to be complicated.
The next theorem, proved in §5.2, gives a special case in which a set of
transverse equations can be used to define an embedded submanifold. It will be
used to prove theorems in §4.3 on existence of transverse fibre products.
Theorem 4.15. Suppose Q is a toric monoid, V is an open neighbourhood
of (δ0, 0) in XQ × R
n, and fi, gi : V → [0,∞) are interior maps for i =
1, . . . , k with fi(δ0, 0) = gi(δ0, 0), and hj : V → R are smooth maps for j =
1, . . . , l with hj(δ0, 0) = 0, such that
bdf1|(δ0,0) −
bdg1|(δ0,0), . . . ,
bdfk|(δ0,0) −
bdgk|(δ0,0), dh1|(δ0,0), . . . , dhl|(δ0,0) are linearly independent in
bT ∗(δ0,0)V . Define
X◦=
{
v∈V ◦ : fi(v)=gi(v), i=1, . . . , k, hj(v)=0, j=1, . . . , l
}
, (4.3)
and let X = X◦ be the closure of X◦ in V . Suppose (δ0, 0) ∈ X.
Here bdfi is a vector bundle morphism
bTV → f∗i (
bT [0,∞)), but we re-
gard it as a morphism bTV → R, and hence a section of bT ∗V, by identifying
bT [0,∞) ∼= R with x ∂∂x
∼= 1, for x the coordinate on [0,∞), and similarly
for bdgi. In effect we have
bdfi = f
−1
i dfi = d log fi, so that
bdfi − bdgi =
d log(fi/gi), but
bdfi,
bdgi are still well-defined where fi = 0 and gi = 0 in V .
Then there exists a toric monoid P, an open neighbourhood U of (δ0, 0)
in XP × R
m, where rankP +m = rankQ + n − k − l, an interior embedding
φ : U →֒ V with φ(δ0, 0) = (δ0, 0), and an open neighbourhood V ′ of (δ0, 0) in
V, such that φ(U) = X ∩ V ′.
Using the isomorphism
bT ∗(δ0,0)V =
bT ∗δ0XQ ⊕ T
∗
0R
n ∼= (Q ⊗N R)⊕ R
n, (4.4)
write bdfi|(δ0,0) −
bdgi|(δ0,0) = βi ⊕ γi for i = 1, . . . , k, where βi ∈ Q ⊗N Z ⊆
Q⊗N R and γi ∈ R
n. Then there is a natural isomorphism
P∨ ∼=
{
ρ ∈ Q∨ : ρ(βi) = 0 for i = 1, . . . , k
}
, (4.5)
which identifies the inclusion P∨ →֒ Q∨ with M˜(δ0,0)φ : M˜(δ0,0)U → M˜(δ0,0)V .
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Let us now make the additional assumption that β1, . . . , βk are linearly in-
dependent over R in Q⊗NR. The r.h.s. of (4.5) makes sense without supposing
that (δ0, 0) ∈ X. Under our additional assumption, (δ0, 0) ∈ X is equivalent to
the condition that the r.h.s. of (4.5) does not lie in any proper face F ( Q∨ of
the toric monoid Q∨.
Theorem 4.15 is only a partial analogue of Remark 4.7(B), as it proves that
subsets locally defined as the zeroes of transverse equations (as in (4.3)) are
embedded submanifolds, but it does not claim the converse, that embedded
submanifolds are always locally defined as the zeroes of transverse equations.
The next example shows that the converse of Theorem 4.15 is actually false.
Example 4.16. Define φ : [0,∞) → [0,∞)2 by φ(x) = (x2 + x3, x3). Then φ
is an interior embedding. However, there do not exist interior f, g : [0,∞)2 →
[0,∞) with f(0, 0) = g(0, 0) = 0 such that φ((0,∞)) =
{
(y, z) ∈ (0,∞)2 :
f(y, z) = g(y, z)
}
and bdf − bdg is nonzero on φ([0,∞)), even only near (0, 0)
in [0,∞)2. To see this, observe that we must have
f(y, z) = D(y, z)yazb, g(y, z) = E(y, z)yczd
for D,E : [0,∞)2 → (0,∞) smooth and defined near (0, 0) and a, b, c, d ∈ N.
Then bdf − bdg nonzero at (0, 0) implies that (a, b) 6= (c, d).
The equation f(x2 + x3, x3) = g(x2 + x3, x3) is now equivalent to
x2a+3b−2c−3d(1 + x)a−c = E(x2 + x3, x3)/D(x2 + x3, x3). (4.6)
Putting x = 0 and using D,E > 0 gives 2a+ 3b− 2c− 3d = 0. Applying ddx to
(4.6) and setting x = 0 then yields a− c = 0, so (a, b) = (c, d), a contradiction.
We can write φ([0,∞)) in the form
{
(y, z) ∈ [0,∞)2 : h(y, z) = 0
}
for
h : [0,∞)2 → R smooth, e.g. with h(y, z) = (y− z)3− z2. But then dh|(0,0) = 0
in both T(0,0)[0,∞)
2 and bT(0,0)[0,∞)
2, so h is not transverse.
Note that if we had defined φ(x) = (x2, x3), we could write φ([0,∞)) ={
(y, z) ∈ [0,∞)2 : f(y, z) = g(y, z)
}
for f(y, z) = y3 and g(y, z) = z2. The
problem is with the higher-order x3 term in x2 + x3 in φ(x) = (x2 + x3, x3).
Using Theorem 4.15 we prove:
Corollary 4.17. Let Y be a manifold with g-corners, fi, gi : Y → [0,∞) be
interior for i = 1, . . . , k, and hj : Y → R be smooth for j = 1, . . . , l, set
X◦ =
{
x ∈ Y ◦ : fi(x) = gi(x), i = 1, . . . , k, hj(x) = 0, j = 1, . . . , l
}
,
and let X = X◦ be the closure of X◦ in Y . Suppose that bdf1|x − bdg1|x, . . . ,
bdfk|x −
bdgk|x, dh1|x, . . . , dhl|x are linearly independent in
bT ∗xY for each x ∈
X, interpreting bdfi− bdgi as in Theorem 4.15. Then X has a unique structure
of a manifold with g-corners with dimX = dimY −k− l, such that the inclusion
X →֒ Y is an embedding.
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Proof. Let x ∈ X ⊆ Y . Then we can locally identify Y near x with XQ × R
n
near (δ0, 0), for some toric monoid Q and n > 0. Theorem 4.15 proves that X
near x is of the form φ(U) for φ : U → Y an embedding, and U a manifold
with g-corners of dimension rankP +m = rankQ+ n− k − l = dimY − k − l.
Corollary 4.12 now shows that X near x has a unique structure of a manifold
with g-corners with dimX = dim Y − k− l > 0, such that the inclusion X →֒ Y
near x is an embedding. As this holds for all x ∈ X , the corollary follows.
Note that the corollary is false for X,Y manifolds with (ordinary) corners,
as the next example shows.
Example 4.18. Let Y = [0,∞)4 with coordinates (y1, y2, y3, y4), and define
f, g : Y → [0,∞)2 by f(y1, y2, y3, y4) = y1y2 and g(y1, y2, y3, y4) = y3y4. Then
bdf − bdg is a nonvanishing section of bTY , so Corollary 4.17 defines a manifold
with g-corners X embedded in Y , which is
X =
{
(y1, y2, y3, y4) ∈ [0,∞)
4 : y1y2 = y3y4
}
.
This is X ′P in (3.7), so X is diffeomorphic to XP in Example 3.23, which is
our simplest example of a manifold with g-corners which is not a manifold with
corners. Thus in Corollary 4.17, if Y is a manifold with corners, X can still
have g-corners rather than (ordinary) corners.
4.3 Transversality and fibre products
Here is a definition from category theory.
Definition 4.19. Let C be a category, and g : X → Z, h : Y → Z be morphisms
in C. A fibre product of g, h in C is an object W and morphisms e : W → X
and f : W → Y in C, such that g ◦ e = h ◦ f , with the universal property that
if e′ : W ′ → X and f ′ : W ′ → Y are morphisms in C with g ◦ e′ = h ◦ f ′ then
there is a unique morphism b : W ′ → W with e′ = e ◦ b and f ′ = f ◦ b. Then
we write W = X ×g,Z,h Y or W = X ×Z Y . The diagram
W
f
//
e
Y
h 
X
g // Z
(4.7)
is called a Cartesian square. Fibre products need not exist, but if they do exist
they are unique up to canonical isomorphism in C.
The next definition and theorem are well known.
Definition 4.20. Let g : X → Z and h : Y → Z be smooth maps of manifolds
without boundary. We call g, h transverse if Txg ⊕ Tyh : TxX ⊕ TyY → TzZ is
surjective for all x ∈ X and y ∈ Y with g(x) = h(y) = z ∈ Z.
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Theorem 4.21. Suppose g : X → Z and h : Y → Z are transverse smooth
maps of manifolds without boundary. Then a fibre product W = X ×g,Z,h Y
exists in Man, with dimW = dimX + dimY − dimZ. We may write
W =
{
(x, y) ∈ X × Y : g(x) = h(y) in Z
}
as an embedded submanifold of X × Y, where e : W → X and f : W → Y act
by e : (x, y) 7→ x and f : (x, y) 7→ y.
The goal of this section is to extend Definition 4.20 and Theorem 4.21 to
manifolds with g-corners. We will consider fibre products in both the category
Mangc, and in the subcategoryMangcin with morphisms interior maps. Remark
4.29 compares our results with others in the literature.
Writing ∗ for the point regarded as an object of Mangc, for any manifold
with g-corners, morphisms e : ∗ → X in Mangc correspond to points x ∈ X ,
and (interior) morphisms e : ∗ → X in Mangcin correspond to points x ∈ X
◦.
So applying the universal property in Definition 4.19 with W ′ = ∗ yields:
Lemma 4.22. Suppose we are given a Cartesian square (4.7) in Mangc. Then
as in Theorem 4.21 there is a canonical identification of sets only
W ∼=
{
(x, y) ∈ X × Y : g(x) = h(y) in Z
}
, (4.8)
identifying e :W → X, f :W → Y with e′ : (x, y) 7→ x, f ′ : (x, y) 7→ y.
If instead (4.7) is a Cartesian square in Mangcin , in the same way, for the
interiors W ◦, X◦, Y ◦, Z◦ we have a canonical identification of sets
W ◦ ∼=
{
(x, y) ∈ X◦ × Y ◦ : g(x) = h(y) in Z◦
}
. (4.9)
The next example shows the lemma may not hold at the level of topological
spaces, or embedded submanifolds, even for manifolds without boundary.
Example 4.23. Take X = Y = R and Z = R2, and define g : X → Z,
h : Y → Z by g(x) = (x, 0), h(y) =
(
y, e−1/y
2
sin πy
)
for y 6= 0, and h(0) = (0, 0).
Then a fibre product W exists in Man. As in (4.8), as sets we may write
W =
{
(x, y) ∈ X × Y : g(x) = h(y) in Z
}
=
{
( 1n ,
1
n ) : 0 6= n ∈ Z
}
∪
{
(0, 0)
}
.
However, W is a 0-manifold, a set with the discrete topology, but the topology
induced on W by its inclusion in X × Y = R2 is not discrete near (0, 0). Thus
in this case (4.8) is not an isomorphism of topological spaces, and W is not an
embedded submanifold of X × Y . This does not contradict Theorem 4.21, as
g, h are not transverse at (0, 0).
Here are two notions of transversality for manifolds with g-corners, general-
izing Definition 4.20. We take g, h interior so that bTxg,
bTyh are defined.
Definition 4.24. Let g : X → Z and h : Y → Z be interior maps of manifolds
with g-corners, or more generally interior morphisms in Mˇangc. Then:
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(a) We call g, h b-transverse if bTxg⊕bTyh : bTxX⊕bTyY → bTzZ is surjective
for all x ∈ X and y ∈ Y with g(x) = h(y) = z ∈ Z.
(b) We call g, h c-transverse if they are b-transverse, and for all x ∈ X and
y ∈ Y with g(x) = h(y) = z ∈ Z, the linear map bN˜xg ⊕ bN˜yh : bN˜xX ⊕
bN˜yY →
bN˜zZ is surjective, and the submonoid{
(λ, µ)∈M˜xX×M˜yY : M˜xg(λ)=M˜yh(µ) in M˜zZ
}
⊆M˜xX×M˜yY (4.10)
is not contained in any proper face F ( M˜xX × M˜yY of M˜xX × M˜yY .
If g (or h) is a b-submersion in the sense of §4.1, and h (or g) is interior, then
g, h are b-transverse.
B-normal maps and b-fibrations from §4.1 give conditions for c-transversality.
Proposition 4.25. Let g : X → Z and h : Y → Z be interior maps of
manifolds with g-corners. Then g, h are c-transverse if either
(i) g, h are b-transverse and g or h is b-normal; or
(ii) g or h is a b-fibration.
Proof. For (i), suppose g, h are b-transverse and g is b-normal, and let x ∈ X
and y ∈ Y with g(x) = h(y) = z ∈ Z. As g is b-normal, one can show
that bN˜xg :
bN˜xX → bN˜zZ is surjective, which implies that bN˜xg ⊕ bN˜yh :
bN˜xX ⊕ bN˜yY → bN˜zZ is surjective, as we want.
If P is a toric monoid, write P ◦ = P \
⋃
faces F ( P F for the complement
of all proper faces F in P . Since h is interior, M˜xh maps (M˜yY )
◦ → (M˜zZ)
◦.
Let µ ∈ (M˜yY )◦, and set ν = M˜xh(µ) ∈ (M˜zZ)◦. As g is b-normal, one can
show that M˜xg : M˜xX → M˜zZ is surjective up to finite multiples: there exists
λ ∈ (M˜xX)◦ with M˜xg(λ) = n · ν for some n > 0. Then (λ, n · µ) lies in
(4.10) and in (M˜xX)
◦ × (M˜yY )◦. So (4.10) does not lie in any proper face of
M˜xX × M˜yY , and g, h are c-transverse.
For (ii), g a b-fibration means it is a b-normal b-submersion, and g a b-
submersion implies g, h b-transverse, so (ii) follows from (i).
The following theorem is proved in §5.3.
Theorem 4.26. Let g : X → Z and h : Y → Z be b-transverse (or c-
transverse) interior maps of manifolds with g-corners. Then C(g) : C(X) →
C(Z) and C(h) : C(Y ) → C(Z) are also b-transverse (or c-transverse, respec-
tively) interior maps in Mˇangc.
The next two theorems, perhaps the most important in the paper, proved in
§5.4 and §5.5, show that b-transversality is is a sufficient condition for existence
of a fibre product W = X ×g,Z,h Y in Man
gc
in , and c-transversality a sufficient
condition for existence of a fibre product in Mangc, and in the latter case we
have C(W ) = C(X)×C(g),C(Z),C(h) C(Y ) in Mˇan
gc and Mˇangcin . The explicit
expressions for W ◦,W in (4.11)–(4.12) come from Lemma 4.22.
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Theorem 4.27. Let g : X → Z and h : Y → Z be b-transverse interior maps
of manifolds with g-corners. Then a fibre product W = X ×g,Z,h Y exists in
Mangcin , with dimW = dimX + dim Y − dimZ. Explicitly, we may write
W ◦ =
{
(x, y) ∈ X◦ × Y ◦ : g(x) = h(y) in Z◦
}
, (4.11)
and take W to be the closure W ◦ of W ◦ in X × Y, and then W is an embedded
submanifold of X × Y in the sense of §4.2, and e : W → X and f : W → Y
act by e : (x, y) 7→ x and f : (x, y) 7→ y.
Theorem 4.28. Suppose g : X → Z and h : Y → Z are c-transverse interior
maps of manifolds with g-corners. Then a fibre product W = X ×g,Z,h Y exists
in Mangc, with dimW = dimX + dimY − dimZ. Explicitly, we may write
W =
{
(x, y) ∈ X × Y : g(x) = h(y) in Z
}
, (4.12)
and then W is an embedded submanifold of X × Y in the sense of §4.2, and
e : W → X and f : W → Y act by e : (x, y) 7→ x and f : (x, y) 7→ y. This W
is also a fibre product in Mangcin , and agrees with that in Theorem 4.27.
Furthermore, the following is Cartesian in both Mˇangc and Mˇangcin :
C(W )
C(f)
//
C(e)
C(Y )
C(h) 
C(X)
C(g) // C(Z).
(4.13)
Equation (4.13) has a grading-preserving property, in that if (w, β) ∈ Ci(W )
with C(e)(w, β) = (x, γ) ∈ Cj(X), and C(f)(w, β) = (y, δ) ∈ Ck(Y ), and
C(g)(x, γ) = C(h)(y, δ) = (z, ǫ) ∈ Cl(Z), then i+ l = j + k. Hence
Ci(W ) ∼=
∐
j,k,l>0:i=j+k−l C
l
j(X)×C(g)|···,Cl(Z),C(h)|··· C
l
k(Y ), (4.14)
where Clj(X) = Cj(X) ∩C(g)
−1(Cl(Z)) and C
l
k(Y ) = Ck(Y ) ∩C(h)
−1(Cl(Z)),
open and closed in Cj(X), Ck(Y ). When i = 1, this gives a formula for ∂W .
Remark 4.29. Here is how our work above relates to previous results in the
literature. The author [8, §6] defined ‘transverse’ and ‘strongly transverse’ maps
g : X → Z, h : Y → Z in the category Mancst of manifolds with corners and
strongly smooth maps, similar to b- and c-transverse maps above, and proved
an analogue of Theorem 4.28 for (strongly) transverse fibre products in Mancst.
Kottke and Melrose [20, §11] studied fibre products in the categoryMancin of
manifolds with (ordinary) corners and interior smooth maps, in the notation of
§2. They defined ‘b-transversal’ maps g : X → Z, h : Y → Z in Mancin, which
agree with our b-transverse maps when X,Y, Z have ordinary corners. They
prove an analogue of Theorem 4.27, that if g, h are b-transversal and satisfy
an extra condition, then a fibre product X ×g,Z,h Y exists in Mancin. Under
further conditions including g, h b-normal, they prove X ×g,Z,h Y is also a fibre
product in Manc, as in Theorem 4.28.
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Kottke and Melrose’s extra condition is equivalent to saying that the fibre
productW = X×g,Z,hY inMan
gc
in given by Theorem 4.27 has ordinary corners
rather than g-corners. Without this condition, they know that W = X×g,Z,h Y
exists as an ‘interior binomial variety’, which is basically a manifold with g-
cornersW embedded in a manifold with ordinary corners X×Y . So they come
close to proving our Theorem 4.27 when X,Y, Z have ordinary corners and W
has g-corners. Their results were part of the motivation for this paper.
Combining Proposition 4.25(ii) and Theorem 4.28 yields:
Corollary 4.30. Suppose g : X → Z and h : Y → Z are morphisms in Mangc,
with g a b-fibration and h interior. Then a fibre product W = X ×g,Z,h Y
with dimW = dimX + dim Y − dimZ exists in Mangc, which may be written
W =
{
(x, y) ∈ X × Y : g(x) = h(y)
}
, as an embedded submanifold of X × Y .
If we do not assume h is interior, Corollary 4.30 is false:
Example 4.31. Define X = [0,∞)2, Y = ∗, Z = [0,∞) and smooth maps
g : X → Z, h : Y → Z by g(x, y) = xy and h : ∗ 7→ 0. Then g is a b-fibration,
but h is not interior. In this case no fibre product W = X ×g,Z,h Y exists in
Mangc, as by Lemma 4.22 it would be given as a set byW =
{
(x, y) ∈ [0,∞)2 :
xy = 0
}
, but no manifold with g-corners structure on W near (0, 0) can satisfy
all the required conditions.
Here are examples of three phenomena which can occur with b-transverse
but not c-transverse fibre products in Mangcin and Man
gc:
Example 4.32. Let X = [0,∞) × R, Y = [0,∞) and Z = [0,∞)2. Define
g : X → Z by g(x1, x2) = (x1, x1ex2) and h : Y → Z by h(y) = (y, y). Then g, h
are b-transverse, as g is a b-submersion by Example 4.4(iii). But g, h are not
c-transverse, since at (0, x2) ∈ X and 0 ∈ Y with g(0, x2) = h(0) = (0, 0) ∈ Z,
we may identify bN˜(0,x2)g⊕
bN˜0h :
bN˜(0,x2)X ⊕
bN˜0Y → bN˜(0,0)Z with the map
R⊕ R→ R2 taking (λ, µ) 7→ (λ+ µ, λ+ µ), which is not surjective.
Theorem 4.27 gives a fibre product W = X ×g,Z,h Y in Man
gc
in , where
W =
{
(w, 0, w) : w ∈ [0,∞)
}
∼= [0,∞).
Lemma 4.22 shows that if a fibre product W ′ = X ×g,Z,h Y exists in Man
gc,
then as a set with projections e :W ′ → X , f :W ′ → Y we have
W ′ =
{
(w, 0, w) : w ∈ [0,∞)
}
∪
{
(0, x, 0) : x ∈ R
}
⊂ X × Y.
This is the union of copies of [0,∞) and R intersecting in one point (0, 0, 0).
In this case no fibre product X ×Z Y exists in Mangc, as no manifold with
g-corners structure on W ′ near (0, 0, 0) can satisfy all the required conditions.
Theorem 4.26 shows C(g), C(h) are b-transverse, so by Theorem 4.27 (gen-
eralized to Mˇangcin ) the fibre product C(X) ×C(g),C(Z),C(h) C(Y ) in Mˇan
gc
in
exists. It is the disjoint union of [0,∞) from C0(X) ×C0(Z) C0(Y ) and R from
C1(X)×C2(Z)C1(Y ). But C(W ) = [0,∞)∐{0}, so C(W ) 6
∼= C(X)×C(Z)C(Y ).
The fibre product C(X)×C(g),C(Z),C(h) C(Y ) in Mˇan
gc does not exist.
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Example 4.33. Let X = Y = [0,∞) and Z = [0,∞)2, and define g : X → Z,
h : Y → Z by g(x) = (x, x), h(y) = (y, y2). Then g, h are b-transverse. However,
they are not c-transverse, as at 0 ∈ X and 0 ∈ Y with g(0) = h(0) = (0, 0) ∈ Z,
although bN˜0g ⊕ bN˜0h : bN˜0X ⊕ bN˜0Y → bN˜(0,0)Z is surjective, the submonoid
(4.10) is zero, and so lies in a proper face of M˜0X × M˜0Y ∼= N
2.
The fibre product W in Mangcin in (4.11) given by Theorem 4.27 is W =
{(1, 1)}, a single point. Although Theorem 4.28 does not apply, it is easy to
show that W ′ = {(0, 0), (1, 1)} in equation (4.12) is a fibre product in Mangc.
So fibre products X ×Z Y in Man
gc
in and Man
gc exist but do not coincide.
Note that W (W ′. In general, if g, h are b-transverse but not c-transverse,
and fibre products W = X ×Z Y in Man
gc
in and W
′ = X ×Z Y in Mangc both
exist, then W is (diffeomorphic to) a proper, open and closed subset of W ′.
In this case a fibre product C(X)×C(Z)C(Y ) exists in Mˇan
gc
in and is 2 points,
so agrees with C(W ′) but not with C(W ), and a fibre product C(X)×C(Z)C(Y )
exists in Mˇangc and is 3 points, so does not agree with either C(W ) or C(W ′).
Example 4.34. Let X = Y = [0, 1)2 and Z =
{
(z1, z2, z3, z4) ∈ [0,∞)2 :
z1z2 = z3z4
}
, as in (3.7), so that Z ∼= XP for P the toric monoid of Example
3.23. Define g : X → Z, h : Y → Z by g(x1, x2) = (x1, x1x22, x2, x
2
1x2) and
h(y1, y2) = (y1y
2
2 , y1, y
2
1y2, y2). Then the only points x ∈ X , y ∈ Y , z ∈ Z
with g(x) = h(y) = z are x = (0, 0), y = (0, 0), z = (0, 0, 0, 0). These g, h are
b-transverse, but not c-transverse, as at x = y = (0, 0) the submonoid (4.10) is
zero, and lies in a proper face of M˜xX × M˜yY ∼= N
4.
In this case the fibre product W = X ×g,Z,h Y in Man
gc
in given by Theorem
4.27 is W = ∅. A fibre product W ′ = X ×g,Z,h Y in Man
gc exists, with W ′ ={(
(0, 0), (0, 0)
)}
. Note however that dimW ′ = 0 < 1 = dimX+dimY −dimZ,
so the fibre product W ′ in Mangc has smaller than the expected dimension.
Again, a fibre product C(X) ×C(Z) C(Y ) exists in Mˇan
gc
in and agrees with
C(W ′) but not with C(W ), and a fibre product C(X) ×C(Z) C(Y ) exists in
Mˇangc and is 2 points, so does not agree with either C(W ) or C(W ′).
Remark 4.35. One could also look for useful sufficient conditions for fibre
products X ×g,Z,h Y to exist in Mangc when g : X → Z, h : Y → Z are not
both interior. Example 4.31 shows that g a b-fibration and h general is not a
sufficient condition, but one can prove that g a simple b-fibration and h general
is sufficient. A good approach may be to suppose that C(g) : C(X) → C(Z),
C(h) : C(Y ) → C(Z) are b-transverse (they are already interior), so that a
fibre product C(X)×C(Z) C(Y ) exists in Mˇan
gc
in , and then seek extra discrete
conditions ensuring that the highest-dimensional component of C(X) ×C(Z)
C(Y ) is a fibre product X ×g,Z,h Y in Mangc.
4.4 (M-)Kuranishi spaces with g-corners
‘Kuranishi spaces’ are a class of singular spaces generalizing manifolds and orb-
ifolds, which first appeared in the work of Fukaya, Oh, Ohta and Ono [3, 4] as
the geometric structure on moduli spaces of J-holomorphic curves in symplectic
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geometry. One can consider both Kuranishi spaces without boundary [4], and
with corners [3]. The definition of Kuranishi spaces has been controversial from
the outset, and has changed several times.
Recently it has become clear [12] that Kuranishi spaces should be understood
as ‘derived smooth orbifolds’ and are part of the subject of Derived Differential
Geometry, the differential-geometric analogue of the Derived Algebraic Geome-
try of Jacob Lurie and Toe¨n–Vezzosi.
One version of Derived Differential Geometry is the author’s 2-categories of
‘d-manifolds’ dMan and ‘d-orbifolds’ dOrb [9–11], which are defined as special
classes of derived schemes and derived stacks over C∞-rings, using the tools of
(derived) algebraic geometry.
In a second approach, the author [12] gave a new definition of Kuran-
ishi space, modifying [3, 4]. This yielded an ordinary category MKur of ‘M-
Kuranishi spaces’ MKur, a kind of derived manifold, and a 2-category of ‘Ku-
ranishi spaces’ Kur, a kind of derived orbifold. The definition involves an atlas
of charts (‘Kuranishi neighbourhoods’ (V,E,Γ, s, ψ)) and looks very different
to that of d-manifolds and d-orbifolds, but there are equivalences of categories
MKur ≃ Ho(dMan) and of 2-categories Kur ≃ dOrb.
In [12, §3 & §5] the author also defined (2-)categories MKurc, Kurc of
(M-)Kuranishi spaces with corners. The construction starts with a category
Manc of manifolds with corners, as in §2, with the V in Kuranishi neighbour-
hoods (V,E,Γ, s, ψ) objects inManc. The definition is not very sensitive to the
details of the category Manc — variations on Manc satisfying a list of basic
properties we expect of manifolds with corners will do just as well.
So, as explained in detail in [12, §3.8 & §5.6], by replacing Manc by Mangc
in [12, §3 & §5], we can define a category MKurgc of M-Kuranishi spaces
with g-corners containing MKurc,Manc,Mangc as full subcategories, and a
2-category Kurgc of Kuranishi spaces with g-corners containing Kurc, Manc,
Mangc as full (2-)subcategories.
Fibre products in Kurgc exist under weaker conditions than in Kurc, as
the same holds for Mangc,Manc. For example, in [14] we will prove analogues
of Theorem 4.27 and Corollary 4.30:
Theorem 4.36. (a) Suppose X,Y are Kuranishi spaces with g-corners, Z
is a manifold with g-corners, and g : X → Z, h : Y → Z are interior 1-
morphisms in Kurgc. Then a fibre product W = X ×g,Z,h Y exists in the 2-
category Kurgcin of Kuranishi spaces with g-corners and interior 1-morphisms,
with virtual dimension vdimW = vdimX + vdimY − dimZ.
(b) Suppose g : X → Z is a (weak) b-fibration and h : Y → Z an interior
1-morphism in Kurgc. Then a fibre product W = X×g,Z,hY exists in Kurgc,
with vdimW = vdimX + vdimY − vdimZ.
Neither part holds in Kurc rather than Kurgc. Note that there is no
transversality assumption in (a), or any discrete conditions on monoids.
Kuranishi spaces with g-corners will be important in future applications in
symplectic geometry that the author is planning, for two reasons. Firstly, the au-
thor would like to develop an approach to moduli spaces of J-holomorphic curves
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using ‘representable 2-functors’, modelled on Grothendieck’s representable func-
tors in algebraic geometry. It turns out that even if the moduli space is a Ku-
ranishi space with (ordinary) corners, as in [3], the definition of the moduli
2-functor near curves with boundary nodes involves fibre products which do
not exist in Kurc, and the moduli 2-functor cannot be defined unless Theorem
4.36(b) holds. So we need Kurgc to define moduli spaces using this method.
Secondly, some kinds of moduli spaces of J-holomorphic curves should actu-
ally have g-corners rather than ordinary corners, in particular the moduli spaces
of ‘pseudoholomorphic quilts’ of Ma’u, Wehrheim and Woodward [23,24,32–34],
which are used to define actions of Lagrangian correspondences on Lagrangian
Floer cohomology and Fukaya categories.
Ma’u and Woodward [24] define moduli spaces Mn,1 of ‘stable n-marked
quilted discs’. As in [24, §6], for n > 4 these are not ordinary manifolds with
corners, but have an exotic corner structure; in the language of this paper,
the Mn,1 are manifolds with g-corners. As in [24, Ex. 6.3], the first exotic
example M4,1 has a point locally modelled on XP near δ0 in Example 3.23.
Ma’u and Woodward [24, Th. 1.2] show the complexificationMCn,1 ofMn,1 is a
complex projective variety with toric singularities, which fits with our discussion
of complex toric varieties and the model spaces XP in §3.1.6 and Remark 3.13.
More generally, if one omits the simplifying monotonicity and genericity
assumptions in [23, 32–34], the moduli spaces of marked quilted J-holomorphic
discs discussed in [23,32–34] should be Kuranishi spaces with g-corners (though
we do not claim to prove this), just as moduli spaces of marked J-holomorphic
discs in Fukaya et al. [3] are Kuranishi spaces with (ordinary) corners.
In another area of symplectic geometry, Pardon [31] defines contact homol-
ogy of Legendrian submanifolds using moduli spaces of J-holomorphic curves
which are a topological version of Kuranishi spaces with g-corners.
4.5 Other topics
Sections 4.2–4.3 extended known results for manifolds without boundary or with
corners to manifolds with g-corners, but the extensions were not obvious, did
not always work, and required new proofs when they did. Quite a lot of other
material in differential geometry does extend to manifolds with g-corners in an
obvious way, and does not require new proofs. This section gives some examples.
4.5.1 Orientations
Orientations on manifolds with corners are discussed by the author [8, §7], [9,
§5.8] and Fukaya et al. [3, §8.2]. We extend to manifolds with g-corners:
Definition 4.37. Let X be a manifold with g-corners with dimX = n. Then
Λn(bT ∗X) is a real line bundle on X . An orientation o on X is an equivalence
class [ω] of top-dimensional forms ω ∈ C∞
(
Λn(bT ∗X)
)
with ω|x 6= 0 for all
x ∈ X , where two such ω, ω′ are equivalent if ω′ = c · ω for c : X → (0,∞)
smooth. The opposite orientation is −o = [−ω]. Then we call (X, o) an oriented
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manifold with g-corners. Usually we suppress the orientation o, and just refer
to X as an oriented manifold with g-corners. When X is an oriented manifold
with g-corners, we write −X for X with the opposite orientation.
This is the same as one of the usual definitions of orientations on manifolds
or manifolds with corners, except that we use bT ∗X rather than T ∗X . Since
bT ∗X and T ∗X coincide on X◦, the difference is not important.
As in conventional differential geometry, locally on X there are two possible
orientations. Globally orientations need not exist – the obstruction to existence
lies in H1(X,Z2) – and if they do exist then the family of orientations on X is
a torsor for H0(X,Z2).
As discussed in [8, §7], [9, §5.8], [3, §8.2] for manifolds with corners, if X is
an oriented manifold with g-corners we can define a natural orientation on ∂X ,
and hence on ∂2X, ∂3X, . . . , ∂dimXX , and if X,Y, Z are oriented manifolds with
g-corners and g : X → Z, h : Y → Z are b-transverse interior maps then we can
define a natural orientation on the fibre product W = X ×g,Z,h Y in Man
gc
in
from Theorem 4.27. To do these requires a choice of orientation convention.
Orientations do not lift to corners Ck(X) for k > 2. If X is oriented then
∂2X is oriented, and the natural free Z2-action on ∂
2X from Proposition 3.32(a)
is orientation-reversing, so that C2(X) ∼= ∂2X/Z2 does not have a natural ori-
entation, and Ck(X) need not be orientable for k > 2, as in [8, Ex. 7.3].
In all of this, there are no new issues in working with orientations on man-
ifolds with g-corners, except for using Λn(bT ∗X) rather than ΛnT ∗X , which is
easy, and which one can already do for manifolds with ordinary corners.
4.5.2 Partitions of unity
Partitions of unity are often used in differential-geometric constructions, to glue
together choices of local data.
Definition 4.38. Let X be a manifold with g-corners and {Ui : i ∈ I} an open
cover of X , where I is an indexing set. A partition of unity on X subordinate to
{Ui : i ∈ I} is a family {ηi : i ∈ I} of smooth functions ηi : X → R satisfying:
(i) ηi(X) ⊆ [0, 1] for all i ∈ I.
(ii) ηi|X\Ui = 0 for all i ∈ I.
(iii) Each x ∈ X has an open neighbourhood x ∈ V ⊆ X such that ηi|V = 0
for all except finitely many i ∈ I.
(iv)
∑
i∈I ηi = 1, where the sum makes sense by (iii) as near any x ∈ X there
are only finitely many nonzero terms.
By the usual proof for manifolds, as in Lee [21, Th. 2.23], one can show:
Proposition 4.39. Let X be a manifold with g-corners and {Ui : i ∈ I} an
open cover of X. Then there exists a partition of unity {ηi : i ∈ I} on X
subordinate to {Ui : i ∈ I}.
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4.5.3 Riemannian metrics
Following Melrose [27, §2], [28, §4] for manifolds with corners, we define:
Definition 4.40. Let X be a manifold with g-corners. A b-metric g on X
is a smooth section g ∈ C∞
(
S2(bT ∗X)
)
which restricts to a positive definite
quadratic form on bTxX for all x ∈ X .
This follows the usual definition of Riemannian metrics on manifolds without
boundary, but using bTX, bT ∗X rather than TX, T ∗X . By the usual proof for
manifolds using partitions of unity (as in §4.5.2) one can show that any manifold
with g-corners X admits b-metrics g.
On the interior X◦ we have bTX = TX , bT ∗X = T ∗X , so g◦ := g|X◦ is
an ordinary Riemannian metric on the manifold without boundary X◦. If X
is a compact manifold with g-corners, then (X◦, g◦) is a complete, generally
noncompact Riemannian manifold, with interesting asymptotic behaviour near
infinity, determined by the boundary and corners of X .
Melrose [25–28] studies analysis of elliptic operators on (X◦, g◦) for X a
compact manifold with corners (and also more general situations). It seems
likely that his theory extends to X a compact manifold with g-corners.
4.5.4 Extension of smooth maps from boundaries
Let X be a manifold with corners. As in (2.7), there is a natural identification
∂2X ∼=
{
(x, β1, β2) :x ∈ X, β1, β2 are distinct
local boundary components for X at x
}
,
(4.15)
where i∂X : ∂
2X → ∂X maps (x, β1, β2) 7→ (x, β1) and Π : ∂2X → X maps
(x, β1, β2) 7→ x. There is a natural, free action of Z2 = {1, σ} on ∂2X by
diffeomorphisms, where σ : ∂2X → ∂2X acts by σ : (x, β1, β2) 7→ (x, β2, β1),
with Π ◦ σ = Π. It is easy to show:
Proposition 4.41. Let X be a manifold with (ordinary) corners, and σ :
∂2X → ∂2X be as above. Then:
(a) Suppose g : ∂X → R is a smooth function. Then there exists a smooth
function f : X → R with f |∂X = g if and only if g|∂2X : ∂
2X → R
satisfies g|∂2X = g|∂2X ◦ σ.
(b) Suppose E → X is a vector bundle, and t ∈ C∞(E|∂X). Then there
exists s ∈ C∞(E) with s|∂X = t if and only if t|∂2X ∈ C
∞(E|∂2X)
satisfies σ∗(t|∂2X) = t|∂2X .
Since local solutions f or s to the equations f |∂X = g, s|∂X = t can be
combined using a partition of unity (as in §4.5.2) to make global solutions, it is
enough to prove Proposition 4.41 near 0 in X = Rnk = [0,∞)
k × Rn−k.
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Note that the analogue of Proposition 4.41(a) for smooth mapsX → [0,∞) is
false. For example, there is no smooth map f : [0,∞)2 → [0,∞) with f(x, 0) = x
and f(0, y) = y, as f(x, y) = x+ y is not a smooth map f : [0,∞)2 → [0,∞).
Now let X be a manifold with g-corners. By Proposition 3.32(a), we have
∂2X ∼=
{
(x, β1, β2) : x∈X, β1, β2 are distinct local boundary
components of X at x intersecting in codimension 2
}
,
as in (4.15), and a free action of Z2 = {1, σ} on ∂2X by diffeomorphisms, where
σ : ∂2X → ∂2X acts by σ : (x, β1, β2) 7→ (x, β2, β1). We can show:
Proposition 4.42. The analogue of Proposition 4.41 holds for X a manifold
with g-corners.
Again, since partitions of unity exist for manifolds with g-corners as in §4.5.2,
it is enough to prove Proposition 4.42 near (δ0, 0) in X = XP ×R
n for P a toric
monoid, and we can do this by embedding XP ×R
n in [0,∞)N ×Rn and using
Proposition 4.41 for [0,∞)N × Rn.
Results like Proposition 4.41 are important in constructing virtual chains
for Kuranishi spaces with corners with prescribed values on the boundary, as in
Fukaya et al. [3], and Proposition 4.42 will be useful for applications of manifolds
with g-corners and Kuranishi spaces with g-corners that the author plans in
symplectic geometry.
A different generalization of manifolds with corners would be to consider
spacesX locally modelled on polyhedra in Rn, with the obvious notion of smooth
map. For such spaces, the analogue of Proposition 4.41 is false. For example,
suppose X near x is modelled on the corner of an octahedron in R3, as in Figure
3.1. Consider smooth g : ∂X → R with g|∂2X = g|∂2X ◦ σ. The possible sets of
derivatives (∂1g, ∂2g, ∂3g, ∂4g) of g at x along the four edges at x span a space
R4, but for g = f |∂X with f : X → R smooth the derivatives (∂1g, ∂2g, ∂3g, ∂4g)
lie in an R3 ∼= T ∗xX in R
4, so there are many smooth g : ∂X → R with
g|∂2X = g|∂2X ◦ σ for which there exists no smooth f : X → R with g = f |∂X .
5 Proofs of theorems in §4
Finally we prove Theorems 4.10, 4.15, 4.26, 4.27, and 4.28.
5.1 Proof of Theorem 4.10
LetQ,R,m, n, i be as in Theorem 4.10. Using §3 we can show there are canonical
isomorphisms M˜(δ0,0)(XQ × R
m) ∼= Q∨ and M˜(δ0,0)(XR × R
n) ∼= R∨. So (4.2)
is identified with a monoid morphism Q∨ → R∨, which must be of the form α∨
for unique α : R → Q, as in (iii), since Q ∼= (Q∨)∨, R ∼= (R∨)∨ for the toric
monoids Q,R.
By Definition 4.8, i being an immersion imposes strong conditions on the
monoid morphism (4.2), and hence on α∨ : Q∨ → R∨ and α : R → Q. So α∨
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is injective, which implies that rankQ 6 rankR as in (i). The dual morphism
α : R → Q need not be surjective (e.g. in Example 4.9(ii), α : N2 → N maps
α : (a, b) 7→ 2a + 3b, so α(N2) = N \ {1}), but α is close to being surjective –
for example, αgp : Rgp → P gp is surjective, and the map Cα : CR → CQ of the
rational polyhedral cones CQ, CR associated to Q,R in §3.1.4 is surjective. The
surjectivity property we need, which can be proved from Definition 4.8, is that
if q ∈ Q then there exist r ∈ R and a = 1, 2, . . . such that α(r) = a · q, that is,
α is surjective up to positive integer multiples in Q.
Choose a set of generators q1, . . . , qM forQ. Then we can choose r1, . . . , rM ∈
R and a1, . . . , aM = 1, 2, . . . with α(rj) = aj · qj for j = 1, . . . ,M . Extend
r1, . . . , rM to a set of generators r1, . . . , rN for R, for N > M . Then as in
Proposition 3.14(a), λq1×· · ·×λqM : XQ → [0,∞)
M and λr1×· · ·×λrN : XR →
[0,∞)N are homeomorphisms from XQ, XR to closed subsets X
′
Q ⊆ [0,∞)
M ,
X ′R ⊆ [0,∞)
N defined in (3.4) using generating sets of relations for q1, . . . , qM
in Q and r1, . . . , rN in R. Hence (λq1×· · ·×λqM )×idRm identifies XQ×R
m with
X ′Q × R
m ⊆ [0,∞)M × Rm. Let V ′ ⊆ X ′Q × R
m be the image of V . Similarly
(λr1 × · · · × λrN )× idRn identifies XR × R
n with X ′R × R
n ⊆ [0,∞)N × Rn.
Then Proposition 3.14(c) applied to i : V → XR × R
n shows that there
exists an open neighbourhood Y of V ′ in [0,∞)M × Rm, and an interior map
h : Y → [0,∞)N × Rn of manifolds with (ordinary) corners, such that
[(λr1×· · ·×λrN )×idRn ]◦ i=h◦ [(λq1×· · ·×λqM )×idRm ] : U → [0,∞)
N×Rn. (5.1)
We have simplified things here, since Proposition 3.14(c) does not allow for the
factors Rm,Rn, but these can be included using embeddings Rm → [0,∞)m+1,
Rn → [0,∞)n+1 coming from minimal sets of monoid generators of Zm,Zn.
Write (w1, . . . , wM , x1, . . . , xm) for the coordinates on Y ⊆ [0,∞)M × R
m
and (y1, . . . , yN , z1, . . . , zn) for the coordinates on [0,∞)N ×R
n, and write h =
(H1, . . . , HN , h1, . . . , hn) for Hj = Hj(w1, . . . , xm), hj = hj(w1, . . . , xm). Then
near 0 in Y we have Hj = Cj(w1, . . . , xm) ·
∏M
i=1 w
bi,j
i for bi,j ∈ N and Cj : Y →
(0,∞) smooth. Since the coordinates w1, . . . , wM correspond to the generators
q1, . . . , qM ∈ Q, and the coordinates y1, . . . , yN to r1, . . . , rN ∈ R, and α(rj) =
aj · qj for j = 1, . . . ,M , we see that we can choose h such that
Hj(w1, . . . , wM , x1, . . . , xm) = Cj(w1, . . . , xm) · w
aj
j , j = 1, . . . ,M. (5.2)
We can now show that
bdi|(δ0,0) =
(
◦ α
(∑N
c=1
∂Cc
∂xb
(0) · α(rc)
)n
b=1
0
(
∂hc
∂xb
(0)
)c=1,...,n
b=1,...,m
)
:
Hom(Q,R)⊕ Rm −→ Hom(R,R)⊕ Rn.
As i is an immersion, Definition 4.8(i) implies that
(
∂hc
∂xb
(0)
)c=1,...,n
b=1,...,m
is injective.
Hence m 6 n, completing part (i) of Theorem 4.10. By applying a linear
transformation to the coordinates (z1, . . . , zn) on R
n, we can suppose that
∂hc
∂xb
(0, . . . , 0) =
{
1, b = c = 1, . . . ,m,
0, otherwise.
(5.3)
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Define a continuous, non-smooth map Π : [0,∞)N ×Rn → [0,∞)M ×Rm by
Π : (y1, . . . , yN , z1, . . . , zn) 7−→ (y
1/a1
1 , . . . , y
1/aM
M , z1, . . . , zm). (5.4)
By (5.2), the composition Π ◦ h : V → [0,∞)M × Rm is given by
Π ◦ h(w1, . . . , wM , x1, . . . , xm) =
(
C1(w1, . . . , xm)
1/a1 · w1, . . . ,
CM (w1, . . . , xm)
1/aM · wm, h1(w1, . . . , xm), . . . , hm(w1, . . . , wm)
)
,
(5.5)
which is smooth (as Cc > 0), although Π is not. By (5.3) and (5.5), the
derivative of Π ◦ h at (0, . . . , 0) ∈ V is the (M +m)× (M +m) matrix
d(Π ◦ h)(0) =
(
diag(C1(0)
1/a1 , . . . , CM (0)
1/aM ) 0(
∂hc
∂wb
(0)
)c=1,...,m
b=1,...,M
idm×m
)
,
which is invertible. Also (5.5) implies that Π ◦ h is simple near 0. Therefore
Proposition 2.19 shows Π ◦h is e´tale near 0. So there exists an open 0 ∈ Y˜ ⊆ Y
such that Π ◦ h|Y˜ is a diffeomorphism from Y˜ to its image.
Set V˜ = [(λq1 × · · · × λqM )× idRm ]
−1(Y˜ ). Then by (5.1) we have
(Π◦h)|−1
Y˜
◦Π ◦ [(λr1×· · ·×λrN )×idRn ] ◦ i|V˜
= (Π ◦ h)|−1
Y˜
◦ (Π ◦ h)|Y˜ ◦ [(λq1×· · ·×λqM )×idRm ]|V˜
= [(λq1×· · ·×λqM )×idRm ]|V˜ .
Since (λq1 × · · · × λqM ) × idRm is a homeomorphism with its image, i|V˜ is a
homeomorphism with its image, proving part (ii) of Theorem 4.10.
We have already proved the first part of (iii). For the second part, consider
S =
{
(u1, . . . , uN) ∈ (−∞, 0)
N : there exist sequences (ya, za)
∞
a=1
in i(V˜ ) ∩ (X◦R × R
n) and (µa)
∞
a=0 in (0,∞) such that
as a→∞ we have (ya, za)→ (δ0, 0) in XR × R
n,
µa → 0 in R, and µa · log[λrj (ya)]→ uj in R for j = 1, . . . , N
}
.
(5.6)
If (ya, za) ∈ i(V˜ ) ∩ (X
◦
R × R
n) is close to (δ0, 0) in XR × R
n, then (ya, za) =
i(wa,xa) for (wa,xa) ∈ V˜ ⊆ X◦Q × R
n, and (wa,xa) is close to (δ0, 0) in
XQ × R
m as i|V˜ is a homeomorphism with its image.
The definition of smooth maps in §3.2 now gives λrj (ya) = Dj(wa, za) ·
λα(rj)(wa), for some smooth Dj : V˜ → (0,∞). Hence
µa · log[λrj (ya)] = µa · log[λα(rj)(wa)] + µa · logDj(wa, za). (5.7)
As a → ∞ we have logDj(wa, za) → logDj(δ0, 0), and µa → 0, so the final
term in (5.7) tends to zero. Thus we may rewrite (5.6) as
S =
{
(u1, . . . , uN) ∈ (−∞, 0)
N : there exist sequences (wa)
∞
a=1 in X
◦
Q
and (µa)
∞
a=0 in (0,∞) such that as a→∞ we have wa → δ0 in XQ,
µa → 0 in R, and µa · log[λα(rj)(wa)]→ uj in R for j = 1, . . . , N
}
.
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It is now easy to see that S is the intersection of (−∞, 0)N with the image of
the composition of linear maps
Hom(Q,R)
◦α // Hom(R,R)
(r1,...,rN ) // RN . (5.8)
Thus the subset i(V˜ ) ⊆ XR×R
n near (δ0, 0) determines S, which determines the
image of (5.8). As r1, . . . , rN generate R, the second map in (5.8) is injective,
so i(V˜ ) near (δ0, 0) determines the image of ◦α : Hom(Q,R)→ Hom(R,R).
We have a commutative diagram
Q∨ = Hom(Q,N)
inc
α∨=◦α
// R∨ = Hom(R,N)
inc 
Hom(Q,R)
◦α // Hom(R,R).
Since (4.2) is identified with α∨, Definition 4.8(ii),(iii) say that α∨ is injective
and R∨/α∨(Q∨) is torsion-free. The torsion-freeness implies that α∨[Q∨] =
R∨∩(◦α)[Hom(Q,R)]. Therefore i(V˜ ) near (δ0, 0) determines the image α∨(Q∨)
in R∨, where α∨(Q∨) ∼= Q∨. The inclusion α∨(Q∨) →֒ R is dual to α : R→ Q,
up to [α∨(Q∨)]∨ ∼= Q. Hence Q,α are determined uniquely, up to canonical
isomorphisms of Q, by i(V˜ ) near (δ0, 0). Also i(V˜ ) ∩ (X
◦
R × R
n) is a manifold
of dimension rankQ+m, so m is determined. This completes part (iii).
Let P,U, l, f be as in (iv). Since i|V˜ : V˜ → i(V˜ ) is a homeomorphism and
f(U) ⊆ i(V˜ ), there is a unique continuous map g : U → V˜ with f = i ◦ g.
We must show that g is smooth near (δ0, 0) ∈ U . It is sufficient to show
[(λq1 × · · · × λqM )× idRm ] ◦ g : U → [0,∞)
M × Rm is smooth near (δ0, 0). But
[(λq1 × · · · × λqM )× idRm ] ◦ g
= (Π ◦ h|Y˜ )
−1 ◦Π ◦ h|Y˜ ◦ [(λq1 × · · · × λqM )× idRm ] ◦ g
= (Π ◦ h|Y˜ )
−1 ◦Π ◦ [(λr1×· · ·×λrN )×idRn ] ◦ i ◦ g
= (Π ◦ h|Y˜ )
−1 ◦Π ◦ [(λr1×· · ·×λrN )×idRn ] ◦ f,
(5.9)
where the first step uses [(λq1 × · · · × λqM )× idRm ] ◦ g(U) ⊆ Y˜ and Π ◦ h|Y˜ has
a smooth inverse, the second (5.1), and the third f = i ◦ g. In the last line of
(5.9), each term is smooth except Π in (5.4), which involves functions y
1/aj
j .
As in part (iii), we can identify M˜(δ0,0)f with β
∨ : P∨ → R∨, for some
monoid morphism β : R → P . Since f(U) ⊆ i(V˜ ), using the argument of the
proof of (iii) we see that (◦β)[Hom(P,R)] ⊆ (◦α)[Hom(Q,R)] ⊆ Hom(R,R),
and hence that β∨(P∨) ⊆ α∨(Q∨) ⊆ R∨. Since α∨ is injective, it follows that
β∨ : P∨ → R∨ factors through α∨ : Q∨ → R∨. That is, there exists a monoid
morphism γ∨ : P∨ → Q∨ with β∨ = α∨ ◦ γ∨. Then γ : Q → P is a monoid
morphism with β = γ ◦ α.
Hence as f is smooth, for j = 1, . . . ,M , near (δ0, 0) in U we may write
λrj ◦ f = Ej · λβ(rj) = Ej · λγ◦α(rj) = λγ(aj·qj) = Ej · λ
aj
γ(qj)
: U → [0,∞),
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where Ej : U → (0,∞) is smooth, as α(rj) = aj · qj . Thus (λrj ◦ f)
1/aj =
E
1/aj
j · λγ(qj) : U → [0,∞) near (δ0, 0) in U , which is smooth. But by (5.4), the
only potentially non-smooth functions in the factor Π in the last line of (5.9)
are (λrj ◦ f)
1/aj for j = 1, . . . ,M . So by (5.9), [(λq1 × · · · × λqM )× idRm ] ◦ g is
smooth on an open neighbourhood U˜ of (δ0, 0) in U , and therefore g is smooth
on U˜ . This completes part (iv).
Finally suppose α : R→ Q is an isomorphism, andm = n. Then in the proof
above, after choosing generators q1, . . . , qM for Q, we can take rj = α
−1(qj) for
j = 1, . . . ,M , so that α(rj) = qj with aj = 1, and then r1, . . . , rM are already a
set of generators for R ∼= Q, so we take N =M . Then Π in (5.4) is the identity,
and Π ◦ h = h, so the proof above shows that h is e´tale near 0, and we choose
open 0 ∈ Y˜ ⊆ Y with 0 ∈ h(Y˜ ) ⊆ [0,∞)M × Rm open, and h|Y˜ : Y˜ → h(Y˜ ) a
diffeomorphism.
We haveX ′Q = X
′
R ⊆ [0,∞)
M , and hmaps the closed set Y˜ ∩(X ′Q×R
m) ⊆ Y˜
into a closed subset of h(Y˜ ) ∩ (X ′R × R
m) ⊆ h(Y˜ ). On the interior (0,∞)M , h
maps Y˜ ∩ (X ′◦Q × R
m) to an open subset of h(Y˜ ) ∩ (X ′◦R × R
n), as it is a local
diffeomorphism of manifolds without boundary. Hence h[Y˜ ∩(X ′◦Q×R
m)] is open
and closed in h(Y˜ )∩ (X ′◦R ×R
n). As h(Y˜ )∩ (X ′◦R ×R
n) is connected near (δ0, 0),
making Y˜ smaller we can suppose h[Y˜ ∩ (X ′◦Q × R
m)] = h(Y˜ ) ∩ (X ′◦R × R
n), so
taking closures gives h[Y˜ ∩ (X ′Q × R
m)] = h(Y˜ ) ∩ (X ′R × R
n).
Thus, h−1 : h(Y˜ )→ Y˜ maps h(Y˜ ) ∩ (X ′R × R
n)→ Y˜ ∩ (X ′Q × R
m). Setting
V˙ =[(λq1×· · ·×λqM )×idRm ]
−1(Y˜ )⊆V and W˙ =[(λr1×· · ·×λrM )×idRn ]
−1(h(Y˜ ))
⊆XR × R
n, we see that i|V˙ : V˙ → W˙ has a smooth inverse i|
−1
V˙ with
[(λq1×· · ·×λqM )×idRm ]◦ i|
−1
V˙ =h
−1 ◦ [(λr1×· · ·×λrM )×idRn ] : W˙→ [0,∞)
M×Rm,
as in (5.1), so i|V˙ is a diffeomorphism, as in (v). This completes the proof.
5.2 Proof of Theorem 4.15
Let Q,n, V, fi, gi, hj , βi, γi, X
◦ and X ∋ (δ0, 0) be as in Theorem 4.15. From
§3.2, on an open neighbourhood V ′ of (δ0, 0) in V we can write
fi(y, z)=Di(y, z) · λsi(y), gi(y, z)=Ei(y, z) · λti(y), i=1, . . . , k, (5.10)
where (y, z) ∈ V ′, y ∈ XQ, z = (z1, . . . , zn) ∈ R
n, and si, ti ∈ Q, Di, Ei :
V ′ → (0,∞) are smooth, for i = 1, . . . , k. Under the isomorphism (4.4), the
components of bdfi|(δ0,0),
bdgi|(δ0,0) in Q⊗N R ⊇ Q are si, ti, so the component
βi of
bdfi|(δ0,0) −
bdgi|(δ0,0) in Q⊗N R is βi = si − ti.
Now β1, . . . , βk are elements of Q⊗N Z ⊆ Q⊗N R. We will first show that if
β1, . . . , βk are not linearly independent over R in Q ⊗N R then we can replace
fi, gi, si, ti, βi, hj by f
′
i , g
′
i, s
′
i, t
′
i, β
′
i for i = 1, . . . , k
′ and h′j for j = 1, . . . , l
′, such
that k′ < k, l′ > l with k′ + l′ = k + l, and β′1, . . . , β
′
k′ are linearly independent
over R, and X ′◦ defined in (4.3) using f ′i , g
′
i, h
′
j for i = 1, . . . , k
′, j = 1, . . . , l′
agrees near (δ0, 0) with X
◦ defined using fi, gi, hj for i = 1, . . . , k, j = 1, . . . , l.
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Since k+ l = k′+ l′, this substitution does not change the equation rankP +
m = rankQ+ n− k − l in the theorem. Also the substitution does not change
〈β1, . . . , βk〉R, and so does not change the expression for P∨ in (4.5). Note
that in the last part of Theorem 4.15 we assume that β1, . . . , βk are linearly
independent over R, so the substitution is unnecessary for the last part.
To do this, permute the indices i = 1, . . . , k in fi, gi, si, ti, βi if necessary such
that β1, . . . , βk′ are linearly independent over R, where k
′ = dimR〈β1, . . . , βk〉R,
and for i = k′ + 1, . . . , k we have
βi =
∑k′
i′=1 Cii′βi′ (5.11)
for unique Cii′ ∈ R. Then define l′ = l + k − k′, and f ′i = fi, g
′
i = gi, s
′
i = si,
t′i = ti, β
′
i = βi for i = 1, . . . , k, and h
′
j = hj for j = 1, . . . , l, and define h
′
j for
j = l + 1, . . . , l′ by
h′j = logDj+k′−l − logEj+k′−l −
∑k′
i′=1 C(j+k′−l)i′(logDi′ − logEi′). (5.12)
The point of this equation is that by (5.10)–(5.12), on V ◦ we have
fj+k′−l(y, z)
gj+k′−l(y, z)
·
k′∏
i′=1
gi′(y, z)
C(j+k′−l)i′
fi′(y, z)
C(j+k′−l)i′
=
Dj+k′−l(y, z)λsj+k′−l(y)
Ej+k′−l(y, z)λtj+k′−l(y)
·
k′∏
i′=1
Ei′(y, z)
C(j+k′−l)i′λti′ (y)
C(j+k′−l)i′
Di′(y, z)
C(j+k′−l)i′λsi′ (y)
C(j+k′−l)i′
=
Dj+k′−l(y, z)
Ej+k′−l(y, z)
·
k′∏
i′=1
Ei′(y, z)
C(j+k′−l)i′
Di′(y, z)
C(j+k′−l)i′
= exp
(
h′j(y, z)
)
.
Thus, if we assume f ′i = g
′
i for i = 1, . . . , k
′, which gives fi = gi for i = 1, . . . , k
′,
then fj+k′−l = gj+k′−l is equivalent to exp(h
′
j) = 1 is equivalent to h
′
j = 0 on
V ◦ for j = l + 1, . . . , l′.
That is, replacing fj+k′−l = gj+k′−l by h
′
j = 0 for j = l + 1, . . . , l
′ does
not change X◦ in (4.3), at least in V ′ where (5.10) holds. The (k + l)-tuples
bdf1|(δ0,0) −
bdg1|(δ0,0), . . . ,
bdfk|(δ0,0) −
bdgk|(δ0,0), dh1|(δ0,0), . . . , dhl|(δ0,0) and
bdf ′1|(δ0,0) −
bdg′1|(δ0,0), . . . ,
bdf ′k′ |(δ0,0) −
bdg′k′ |(δ0,0), dh
′
1|(δ0,0), . . . , dh
′
l′ |(δ0,0) in
bT ∗(δ0,0)V differ by an invertible (k+ l)×(k+ l) matrix, so
bdf ′1|(δ0,0)−
bdg′1|(δ0,0),
. . . , bdf ′k′ |(δ0,0) −
bdg′k′ |(δ0,0), dh
′
1|(δ0,0), . . . , dh
′
l′ |(δ0,0) are linearly independent.
Note that fj+k′−l(δ0, 0) = gj+k′−l(δ0, 0) does not imply that h
′
j(δ0, 0) = 0.
Instead, we can deduce h′j(δ0, 0) = 0 from the assumption that (δ0, 0) ∈ X , since
h′j is continuous and (δ0, 0) is the limit of points v ∈ X
◦ in (4.3) with h′j(v) = 0.
We will suppose for the next part of the proof that fi, gi, si, ti, Di, Ei for
i = 1, . . . , k and hj for j = 1, . . . , l are as above, and β1, . . . , βk are linearly
independent over R in Q ⊗N R. Now dh1|(δ0,0), . . . , dhl|(δ0,0) are linearly inde-
pendent in bT ∗(δ0,0)V =
bT ∗δ0XQ ⊕ T
∗
0R
n, and the components in bT ∗δ0XQ are
zero, so the components in T ∗0R
n are linearly independent. Hence l 6 n, and
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by a linear change of variables (z1, . . . , zn) in R
n we can suppose that
∂hj
∂zp
(δ0, 0) =
{
1, j = p = 1, . . . , l,
0, j = 1, . . . , l, p = 1, . . . , n, j 6= p.
(5.13)
Choose a set of generators q1, . . . , qN for Q. Writing r = rankQ, as in (3.3)
choose relations for q1, . . . , qN in Q of the form
a1i q1 + · · ·+ a
N
i qN = b
1
i q1 + · · ·+ b
N
i qN for i = 1, . . . , N − r, (5.14)
where aji , b
j
i ∈ N for 1 6 i 6 N − r, 1 6 j 6 N , such that the relations (5.14)
form a basis over R for Ker
(
(NN )∨ → Q∨
)
⊗N R. Then following the proof of
Proposition 3.14(a), we can show that λq1 × · · · × λqN : X
◦
Q → (0,∞)
N is a
homeomorphism from X◦Q to
X ′◦Q =
{
(x1, . . . , xN )∈(0,∞)
N :x
a1i
1 · · ·x
aNi
N =x
b1i
1 · · ·x
bNi
N , i=1, . . . , N−r
}
. (5.15)
Here we restrict to interiors X◦Q, X
′◦
Q , (0,∞)
N as we don’t assume that the rela-
tions (5.14) define Q as a quotient monoid of NN , but only the weaker condition
that they span Ker
(
(NN )∨ → Q∨
)
⊗N R over R.
By Proposition 3.14(b) (slightly generalized as in the proof of Theorem 4.10
in §5.1), there exists an open neighbourhoodW of [(λq1×· · ·×λqN )×idRn ](V ) in
[0,∞)N×Rn such that the interior functions fi, gi : V → [0,∞) and hj : V → R
are compositions of (λq1 × · · · × λqN ) × idRn : V → [0,∞)
N × Rn with interior
functions f˜i, g˜i :W → [0,∞) and h˜j :W → R, for i = 1, . . . , N and j = 1, . . . , n.
As in (5.10), on an open neighbourhood W ′ of (0, . . . , 0) in W with
[(λq1 × · · · × λqN )× idRn ](V
′) =W ′ ∩ (X ′Q × R
n), (5.16)
we can write
f˜i(x, z) = D˜i(x, z) · x
s1i
1 · · ·x
sNi
N , g˜i(x, z) = E˜i(x, z) · x
t1i
1 · · ·x
tNi
N , (5.17)
for i = 1, . . . , k, where x = (x1, . . . , xN ) ∈ [0,∞)N and z = (z1, . . . , zn) ∈ R
n
with (x, z) ∈ W ′ ⊆ W ⊆ [0,∞)N × Rn, and D˜i, E˜i : W → (0,∞) are smooth,
and sji , t
j
i ∈ N with s
1
i q1 + · · ·+ s
N
i qN = si, t
1
i q1 + · · ·+ t
N
i qN = ti in Q. From
equation (5.13) it follows that
∂h˜j
∂zp
(0,0) =
{
1, j = p = 1, . . . , l,
0, j = 1, . . . , l, p = 1, . . . , n, j 6= p.
(5.18)
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Consider the (N − r + k)×N matrix

a11 − b
1
1 a
2
1 − b
2
1 · · · a
N
1 − b
N
1
a12 − b
1
2 a
2
2 − b
2
2 · · · a
N
2 − b
N
2
...
...
...
a1N−r − b
1
N−r a
2
N−r − b
2
N−r · · · a
N
N−r − b
N
N−r
s11 − t
1
1 s
2
1 − t
2
1 · · · s
N
1 − t
N
1
s12 − t
1
2 s
2
2 − t
2
2 · · · s
N
2 − t
N
2
...
...
...
s1k − t
1
k s
2
k − t
2
k · · · s
N
k − t
N
k


. (5.19)
By definition of the aji , b
j
i , the first N − r rows are linearly independent over R.
But the last k rows are lifts of s1−t1, . . . , sk−tk, which are linearly independent
over R in Q ⊗N R, and Q ⊗N R is the quotient of R
N by the span of the first
N − r rows. It follows that all N − r+ k rows of (5.19) are linearly independent
over R, and the matrix (5.19) has rank N − r + k 6 N .
By elementary linear algebra, N − r+ k of the columns of (5.19) are linearly
independent over R. By permuting q1, . . . , qN we can suppose the first N−r+k
columns are linearly independent, so that the first N − r + k columns form an
invertible (N − r + k)× (N − r + k) matrix. Write the inverse matrix as


c11 c
2
1 · · · c
N−r
1 d
1
1 d
2
1 · · · d
k
1
c12 c
2
2 · · · c
N−r
2 d
1
2 d
2
2 · · · d
k
2
...
...
...
...
...
...
c1N−r+k c
2
N−r+k · · · c
N−r
N−r+k d
1
N−r+k d
2
N−r+k · · · d
k
N−r+k

 .
Part of the condition of being inverse matrices is
N−r+k∑
p=1
djp(a
p
i − b
p
i ) = 0, i = 1, . . . , N − r, j = 1, . . . , k, (5.20)
N−r+k∑
p=1
djp(s
p
i − t
p
i ) =
{
1, i = j = 1, . . . , k,
0, i, j = 1, . . . , k, i 6= j.
(5.21)
Define interior functions xˆ1, . . . , xˆN : W
′ → [0,∞) and smooth functions
zˆ1, . . . , zˆn :W
′ → R by
xˆp(x, z) =

xp ·
∏k
i=1
D˜i(x,z)
dip
E˜i(x,z)
dip
, p = 1, . . . , N − r + k,
xp, p = N − r + k + 1, . . . , xN ,
(5.22)
zˆj(x, z) =
{
h˜j(x, z), j = 1, . . . , l,
zj , j = l+ 1, . . . , n.
(5.23)
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Then (5.17) and (5.20)–(5.23) imply that for all (x, z) ∈ W ′ we have
x
a1i
1 · · ·x
aNi
N =x
b1i
1 · · ·x
bNi
N ⇐⇒ xˆ
a1i
1 · · · xˆ
aNi
N = xˆ
b1i
1 · · · xˆ
bNi
N , i=1, . . . , N−r, (5.24)
f˜i(x, z)= g˜i(x, z) ⇐⇒ xˆ
s1i
1 · · · xˆ
sNi
N = xˆ
t1i
1 · · · xˆ
tNi
N , i=1, . . . , k, (5.25)
h˜j(x, z)=0 ⇐⇒ zˆj = 0, j=1, . . . , l. (5.26)
Define a smooth function Ψ :W ′ → [0,∞)N × Rn by
Ψ(x, z) =
(
xˆ1(x, z), . . . , xˆN (x, z), zˆ1(x, z), . . . , zˆn(x, z)
)
. (5.27)
Then (5.18) and (5.22)–(5.23) imply that Ψ is simple with Ψ(0) = 0, and
bdΨ|0 = id : R
N+n → RN+n. Thus Proposition 2.19 says Ψ is e´tale near 0
in W ′. So by making V ′,W ′ smaller, we can suppose that W ′′ := ImΨ is an
open neighbourhood of 0 in [0,∞)N × Rn, and Ψ : W ′ → W ′′ is a diffeomor-
phism. Equations (4.3), (5.15)–(5.16) and (5.24)–(5.27) now imply that
Ψ ◦ [(λq1×· · ·×λqN )×idRn ](X
◦ ∩ V ′)=
{
(x1, . . . , xN , z1, . . . , zn)∈W
′′◦ :
x
a1i
1 · · ·x
aNi
N = x
b1i
1 · · ·x
bNi
N , i = 1, . . . , N − r, (5.28)
x
s1i
1 · · ·x
sNi
N = x
t1i
1 · · ·x
tNi
N , i = 1, . . . , k, zj = 0, j = 1, . . . , l
}
.
As in equation (4.5), define
P∨ =
{
ρ ∈ Q∨ : ρ(βi) = 0, i = 1, . . . , k
}
. (5.29)
Then P∨ is a toric monoid, a submonoid of Q∨. Equivalently, we have
P∨ ∼=
{
(c1, . . . , cN ) ∈ N
N :
∑N
j=1(a
j
i − b
j
i )cj = 0, i = 1, . . . , N − r,∑N
j=1(s
j
i − t
j
i )cj = 0, i = 1, . . . , k
}
.
(5.30)
Write α∨ : P∨ → Q∨ for the inclusion morphism. Taking duals gives a toric
monoid P with a monoid morphism α : Q→ P .
We expect P∨ and P to have rank r − k = N − (N − r) − k, since P∨ is
defined by k linearly independent equations in Q∨ of rank r in (5.29), or by
N − r+k linearly independent equations in NN of rank N in (5.30). This is not
immediate, as for monoids the rank could be lower than expected — consider
for instance
{
(c1, c2) ∈ N
2 : c1 + c2 = 0
}
=
{
(0, 0)
}
, defined by 1 equation in a
monoid N2 of rank 2, but which has rank 0 < 2− 1.
To see that P∨, P do have the expected rank r− k, note that as (δ0, 0) ∈ X
by assumption, (0, . . . , 0) lies in the closure of the r.h.s. of (5.28), so we can find
solutions (x1, . . . , xN , 0, . . . , 0) to the equations of (5.28) with x1, . . . , xN > 0
arbitrarily small. Setting cj = − logxj , we see (δ0, 0) ∈ X implies that there
exist solutions (c1, . . . , cN ) to the equations in (5.30) with c1, . . . , cN ≫ 0 large
in R, and so also with c1, . . . , cN ≫ 0 large in N, as a
j
i , b
j
i , s
j
i , t
j
i ∈ N. The
only way that P∨ could have smaller than the expected rank is if all solutions
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(c1, . . . , cN ) in (5.30) lay in some boundary face of N
N , but as there are solutions
(c1, . . . , cN ) with cj ≫ 0 for all j, this does not happen. So P∨, P have rank r−k.
Set m = n− l, so that rankP +m = rankQ+ n− k − l, as in the theorem.
Define Ξ : XP × R
m → [0,∞)N × Rn by
Ξ
(
v, (w1, . . . , wm)
)
=
(
λα(q1)(v), . . . , λα(qN )(v),
p l q
0, . . . , 0, w1, . . . , wm
)
.
It is easy to see that Ξ is an embedding, and a similar proof to Proposition
3.14(a) shows the image in the interior of [0,∞)N × Rn is
(ImΞ) ∩ [(0,∞)N × Rn] =
{
(x1, . . . , xN , z1, . . . , zn)∈ (0,∞)
N × Rn :
x
a1i
1 · · ·x
aNi
N = x
b1i
1 · · ·x
bNi
N , i = 1, . . . , N − r, (5.31)
x
s1i
1 · · ·x
sNi
N = x
t1i
1 · · ·x
tNi
N , i = 1, . . . , k, zj = 0, j = 1, . . . , l
}
.
Define U = Ξ−1(W ′′), an open neighbourhood of (δ0, 0) in XP ×R
m. Then
comparing (5.28) and (5.31) shows that
Ξ(U◦) = Ψ ◦ [(λq1 × · · · × λqN )× idRn ](X
◦ ∩ V ′),
so composing with Ψ−1 :W ′′ →W ′ and taking closures in U, V ′,W ′ shows that
Ψ−1 ◦ Ξ(U) = [(λq1 × · · · × λqN )× idRn ](X ∩ V
′). (5.32)
As [(λq1×· · ·×λqN )× idRn ]|V ′ : V
′ →֒W ′ and Ψ−1 ◦Ξ are both embeddings,
Corollary 4.11 shows that there is a unique embedding φ : U → V ′ with
[(λq1 × · · · × λqN )× idRn ] ◦ φ = Ψ
−1 ◦ Ξ,
which is interior as Ψ−1 ◦Ξ is. Then (5.32) gives φ(U) = X ∩ V ′ as (λq1 × · · · ×
λqN ) × idRn is injective, and φ(δ0, 0) = (δ0, 0) as Ψ
−1 ◦ Ξ(δ0, 0) = [(λq1 × · · · ×
λqN )× idRn ](δ0, 0) = 0. The monoid morphism M˜(δ0,0)φ : M˜(δ0,0)U → M˜(δ0,0)V
is naturally identified with the inclusion P∨ →֒ Q∨ from (5.29). This proves the
first two parts of Theorem 4.15.
At the beginning of the proof, if β1, . . . , βk were not linearly independent
over R then we replaced fi, gi, si, ti, βi, hj by f
′
i , g
′
i, s
′
i, t
′
i, β
′
i for i = 1, . . . , k
′ and
h′j for j = 1, . . . , l
′, with β′1, . . . , β
′
k′ linearly independent over R. For the last
part of Theorem 4.15, this replacement would cause problems, as if (δ0, 0) /∈ X
we can have h′j(δ0, 0) 6= 0 for h
′
j as in (5.12). Therefore, as in the last part
of the theorem, we now assume that β1, . . . , βk from the theorem are linearly
independent over R, and take fi, gi, si, ti, βi, hj to be as in the theorem, without
replacement. We also drop the standing assumption that (δ0, 0) ∈ X .
The analysis above shows that (δ0, 0) ∈ X if and only if 0 lies in the closure of
the r.h.s. of (5.28), if and only if there are solutions (x1, . . . , xN , 0, . . . , 0) to the
equations of (5.28) with x1, . . . , xN > 0 arbitrarily small. Setting cj = − log xj ,
we see (δ0, 0) ∈ X if and only if there exist solutions (c1, . . . , cN ) to the equations
in (5.30) with c1, . . . , cN ≫ 0 large in R, and so also with c1, . . . , cN ≫ 0 large
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in N, as aji , b
j
i , s
j
i , t
j
i ∈ N. Such solutions (c1, . . . , cN ) ∈ P
∨ cannot lie in any
boundary face of NN , and so not in any boundary face of Q∨.
Conversely, if P∨ in (5.29) does not lie in any boundary face of Q∨, then the
r.h.s. of (5.30) does not lie in any boundary face of NN , and so contains solutions
(c1, . . . , cN ) with cj > 0 for j = 1, . . . , N . Then (x1, . . . , xN , z1, . . . , zn) =
(e−tc1 , . . . , e−tcN , 0, . . . , 0) satisfies the equations of (5.30) for t > 0, and taking
t→∞ shows that (δ0, 0) ∈ X . Thus, (δ0, 0) ∈ X is equivalent to the condition
that the r.h.s. of (4.5) (i.e. equation (5.29)) does not lie in any proper face
F ( Q∨ of the toric monoid Q∨. This completes the proof of Theorem 4.15.
5.3 Proof of Theorem 4.26
Let g : X → Z and h : Y → Z be interior maps of manifolds with g-corners.
Suppose (x, γ) ∈ C(X) and (y, δ) ∈ C(Y ) with C(g)[(x, γ)] = C(h)[(y, δ)] =
(z, ǫ) in C(Z). Then we have a commutative diagram with exact rows (3.32)
0 //
bNC(X)|(x,γ) ⊕
bNC(Y )|(y,δ)
bNC(g)|(x,γ)⊕
bNC(h)|(y,δ)

biT⊕
biT
//
bTxX ⊕
bTyY bπT⊕bπT
//
bTxg⊕
bTyh

bT(x,γ)(C(X))⊕
bT(y,δ)(C(Y ))
bT(x,γ)C(g)⊕
bT(y,δ)C(h)

// 0
0 // bNC(Z)|(z,ǫ)
biT // bTzZ
bπT // bT(z,ǫ)(C(Z)) // 0.
If g, h are b-transverse, the central column is surjective, so the right hand column
is surjective, and C(g), C(h) are b-transverse, as we have to prove.
Now suppose g, h are c-transverse. Then they are b-transverse, so C(g), C(h)
are b-transverse from above, which is the first condition for C(g), C(h) to be
c-transverse. We have a commutative diagram with exact rows
0 //
bNC(X)|(x,γ) ⊕
bNC(Y )|(y,δ)
bNC(g)|(x,γ)⊕
bNC(h)|(y,δ)
//
bN˜xX ⊕
bN˜yY
//
bN˜xg⊕
bN˜yh
bN˜(x,γ)(C(X))⊕
bN˜(y,δ)(C(Y ))
bN˜(x,γ)C(g)⊕
bN˜(y,δ)C(h)
// 0
0 // bNC(Z)|(z,ǫ) //
bN˜zZ // bN˜(z,ǫ)(C(Z)) // 0.
As g, h are c-transverse, the central column is surjective, so the right hand
column is surjective, the second condition for C(g), C(h) to be c-transverse.
We have a commutative diagram of monoids with surjective columns
M˜xX
M˜xg
//

M˜zZ

M˜yY
M˜yh
oo

M˜(x,γ)C(X)
M˜(x,γ)C(g) // M˜(z,ǫ)C(Z) M˜(y,δ)C(Y ).
M˜(y,δ)C(h)oo
(5.33)
Equation (4.10) for g, h at x, y is constructed from the top line of (5.33), and
(4.10) for C(g), C(h) at (x, γ), (y, δ) from the bottom line of (5.33). Thus the
columns of (5.33) induce a morphism from (4.10) for g, h at x, y to (4.10) for
91
C(g), C(h) at (x, γ), (y, δ). As g, h are c-transverse, (4.10) for g, h at x, y does
not lie in a proper face of M˜xX × M˜yY , so surjectivity of the columns of (5.33)
implies that its image in M˜(x,γ)C(X)× M˜(y,δ)C(Y ) does not lie in a proper face
of M˜(x,γ)C(X) × M˜(y,δ)C(Y ). Thus (4.10) for C(g), C(h) at (x, γ), (y, δ) does
not lie in a proper face of M˜(x,γ)C(X) × M˜(y,δ)C(Y ), the final condition for
C(g), C(h) to be c-transverse. This completes the proof.
5.4 Proof of Theorem 4.27
Suppose X,Y, Z, g, h,W ◦ and W =W ◦ are as in Theorem 4.27. We first prove
that W is an embedded submanifold of X×Y , with dimW = dimX+dimY −
dimZ. Suppose (x, y) ∈ W . Then g(x) = h(y) = z ∈ Z, since this holds
for all (x′, y′) ∈ W ◦ and extends to W = W ◦ by continuity of g, h. Thus
bTxg ⊕ bTyh : bTxX ⊕ bTyY → bTzZ is surjective by b-transversality.
Let X,Y, Z near x, y, z be modelled on XQ × R
m, XR × R
n, XS × R
q near
(δ0, 0) respectively, for toric monoids Q,R, S andm,n, q > 0, and write points of
X,Y, Z near x, y, z as (u,x), (v,y), (w, z) for u ∈ XQ, x = (x1, . . . , xm) ∈ R
m,
v ∈ XR, y = (y1, . . . , yn) ∈ R
n, w ∈ XS , z = (z1, . . . , zq) ∈ R
q. Then
write g, h near x, y as g(u,x) =
(
G(u,x), (g1(u,x), . . . , gq(u,x))
)
= (w, z) and
h(v,y) =
(
H(v,y), (h1(v,y), . . . , hq(v,y))
)
= (w, z).
Set p = rankS. Choose s1, . . . , sp ∈ S which are a basis over R of S ⊗N R.
Then from the definitions in §3.2 one can show that{
(σ, σ) : σ∈X◦S
}
=
{
(σ1, σ2)∈X
◦
S×X
◦
S : λsi (σ1)=λsi(σ2), i=1, . . . , p
}
, (5.34)
although the analogue with XS in place of X
◦
S need not hold, as s1, . . . , sp may
not generate S as a monoid. From (4.11) and (5.34) it follows that for open
neighbourhoods U of (x, y) inX×Y and V of (δ0, δ0, 0, 0) in XQ×XR×R
m×Rn,
we have an identification
W ◦ ∩ U ∼=
{
(u,v,x,y) ∈ V ◦ :λsi ◦G(u,x) = λsi ◦H(v,y), i = 1, . . . , p,
gj(u,x)− hj(v,y) = 0, j = 1, . . . , q
}
.
We now apply Theorem 4.15 with Q × R,m + n, p, q, λsi ◦ G(u,x), λsi ◦
H(v,y), gj(u,x) − hj(v,y) in place of Q,n, k, l, fi, gi, hj, respectively, noting
that XQ ×XR ∼= XQ×R. The fact that bTxg ⊕ bTyh : bTxX ⊕ bTyY → bTzZ is
surjective and s1, . . . , sp are linearly independent in S ⊗N R implies that
bd[λsi ◦G(u,x)]|(δ0,δ0,0,0) −
bd[λsi ◦H(v,y)]|(δ0,δ0,0,0), i = 1, . . . , p,
d[gj(u,x)− hj(v,y)]|(δ0,δ0,0,0), j = 1, . . . , q,
are linearly independent in bT ∗(δ0,δ0,0,0)(XQ×XR×R
m×Rn). So Theorem 4.15
implies that in an open neighbourhood U ′ of (x, y) in U ⊆ X × Y , W = W ◦ is
an embedded submanifold of U , of dimension rankQ+rankR+m+n−p− q =
dimX + dimY − dimZ. As this holds for all (x, y) ∈ W , W is an embedded
submanifold of X × Y , with dimW = dimX + dimY − dimZ.
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Write e : W → X and f : W → Y for the compositions of the inclusion
W →֒ X × Y with the projections to X,Y . Then e, f are smooth, and interior
as W ◦ ⊆ X◦ × Y ◦ so that e(W ◦) ⊆ X◦, f(W ◦) ⊆ Y ◦, and g ◦ e = h ◦ f
as g(x) = h(y) for all (x, y) ∈ W . We claim that (4.7) is a Cartesian square
in Mangcin . To prove this, suppose e
′ : W ′ → X , f ′ : W ′ → Y are interior
morphisms of manifolds with g-corners, with g ◦ e′ = h ◦ f ′. Consider the direct
product (e′, f ′) : W ′ → X × Y . As e′, f ′ are interior with g ◦ e′ = h ◦ f ′ we
see from (4.9) that (e′, f ′)[W ′◦] ⊆ W ◦ ⊆ X◦ × Y ◦. So taking closures implies
that (e′, f ′)[W ′] ⊆W ◦ =W ⊆ X × Y .
As the inclusion W →֒ X × Y is an embedding, Corollary 4.11 implies that
b = (e′, f ′) : W ′ → W is smooth, and in fact interior, and is unique with
e′ = e ◦ b and f ′ = f ◦ b. This proves the universal property for (4.7) to be
Cartesian in Mangcin , so W = X ×g,Z,h Y is a fibre product in Man
gc
in .
5.5 Proof of Theorem 4.28
Suppose g : X → Z and h : Y → Z are c-transverse morphisms inMangcin . Then
g, h are b-transverse, so Theorem 4.27, proved in §5.4, shows that a fibre product
W = X×g,Z,h Y exists inMan
gc
in , where as an embedded submanifold of X×Y
we haveW =W ◦ forW ◦ given by (4.11), with dimW = dimX+dimY −dimZ,
and projections e :W → X , f :W → Y mapping e : (x, y) 7→ x, f : (x, y) 7→ y.
We first show that as g, h are c-transverse, W ⊆ X × Y has the simpler
expression W =
{
(x, y) ∈ X × Y : g(x) = h(y)
}
, as in (4.12). Clearly W ⊆{
(x, y) ∈ X × Y : g(x) = h(y)
}
, since W ◦ ⊆
{
(x, y) ∈ X × Y : g(x) = h(y)
}
by
(4.11), W =W ◦, and g, h are continuous.
Suppose x ∈ X and y ∈ Y with g(x) = h(y) = z ∈ Z, but do not assume
(x, y) ∈ W . Follow the proof of Theorem 4.27 in §5.4 up to the point where we
apply Theorem 4.15. As g, h are c-transverse, bN˜xg ⊕ bN˜yh : bN˜xX ⊕ bN˜yY →
bN˜zZ is surjective. In the notation of Theorem 4.15 we can identify
bN˜xg⊕bN˜yh
with β1 ⊕ · · · ⊕ βk : Hom(Q,R) → R
k, so bN˜xg ⊕ bN˜yh surjective is equivalent
to β1, . . . , βk linearly independent over R in Q ⊗N R, which is a hypothesis of
the last part of Theorem 4.15.
Now W, (x, y), (4.10), M˜xX × M˜yY above are identified with X, (δ0, 0), (4.5)
and Q∨ in Theorem 4.15, respectively. Thus the last part of Theorem 4.15 says
that (x, y) ∈ W if and only if the submonoid (4.10) is not contained in any proper
face F ( M˜xX×M˜yY of M˜xX×M˜yY . The latter holds by Definition 4.24 as g, h
are c-transverse, so (x, y) ∈W . Therefore
{
(x, y) ∈ X×Y : g(x) = h(y)
}
⊆W ,
so W =
{
(x, y) ∈ X × Y : g(x) = h(y)
}
, proving (4.12).
We can now show W is also a fibre product X ×g,Z,h Y in Mangc using
Corollary 4.11, following the proof for Mangcin in §5.4, but without supposing
e′, f ′ are interior. This proves the first part of Theorem 4.28.
For the second part, C(g) and C(h) are c-transverse in Mˇangc by Theorem
4.26, so by the first part (extended to Mˇangc in the obvious way), setting
Wˇ =
{(
(x, γ), (y, δ)
)
∈ C(X)× C(Y ) : C(g)[(x, γ)] = C(h)[(y, δ)]
}
,
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then Wˇ is a submanifold of mixed dimension of C(X) × C(Y ), and is a fibre
product Wˇ = C(X)×C(g),C(Z),C(h)C(Y ) in both Mˇan
gc and Mˇangcin . Applying
the universal property of the fibre product to (4.13) gives a unique map bˇ :
C(W ) → Wˇ , which is just the direct product (C(e), C(f)) : C(W ) → C(X) ×
C(Y ) ⊇ Wˇ . We must show bˇ is a diffeomorphism.
From the construction of W in §5.4, we see that the strata Si(W ) consist
locally of those points (x, y) ∈ X × Y with x ∈ Sj(X), y ∈ Sk(Y ) and g(x) =
h(y) = z ∈ Sl(Z) for some fixed strata Sj(X), Sk(Y ), Sl(Z) of X,Y, Z. That is,
locally Si(W ) ∼= Sj(X)×Sl(Z) S
k(Y ). As this is a local transverse fibre product
of manifolds without boundary, it has dimension dimW − i = (dimX − j) +
(dimY − k)− (dimZ − l), which forces i = j + k − l. This shows that
Si(W ) =
∐
j,k,l>0:i=j+k−l
Sj,l(X)×g|
Sj,l(X)
,Sl(Z),h|
Sk,l(Y )
Sk,l(Y ), (5.35)
where Sj,l(X) = Sj(X) ∩ g−1(Sl(Z)) and Sk,l(Y ) = Sk(Y ) ∩ h−1(Sl(Z)), and
the fibre products in (5.35) are transverse fibre products of manifolds.
Since Wˇ ∈ Mˇangc it is a disjoint union of manifolds with g-corners of
different dimensions, which range from 0 to dimW . Write Wˇ i for the component
of Wˇ of dimension dimW − i, so that Wˇ =
∐dimW
i=0 Wˇ
i. Then
Wˇ i =
∐
j,k,l>0:i=j+k−l
Clj(X)×C(g)|Cl
j
(X)
,Cl(Z),C(h)|Cl
k
(Y )
Clk(Y ), (5.36)
where Clj(X) = Cj(X) ∩C(g)
−1(Cl(Z)) and C
l
k(Y ) = Ck(Y ) ∩C(h)
−1(Cl(Z)),
and the fibre products in (5.36) are b-transverse fibre products in Mangcin . Re-
stricting to interiors gives
(Wˇ i)◦ =
∐
j,k,l>0:i=j+k−l
Clj(X)
◦ ×C(g)|
Cl
j
(X)◦
,Cl(Z)◦,C(h)|Cl
k
(Y )◦
Clk(Y )
◦, (5.37)
where the fibre products in (5.37) are transverse fibre products of manifolds.
Mapping (x, γ) 7→ x gives a diffeomorphism Cj(X)◦ → Sj(X), which identi-
fies Clj(X)
◦ ∼= Sj,l(X), and similarly Ck(Y )◦ ∼= Sk(Y ), Clk(Y )
◦ ∼= Sk,l(Y ), and
Cl(Z)
◦ ∼= Sl(Z). So comparing (5.35) and (5.37) shows we have a canonical
diffeomorphism Si(W ) ∼= (Wˇ i)◦. But Si(W ) ∼= Ci(W )◦, so Ci(W )◦ ∼= (Wˇ i)◦.
One can check that this diffeomorphism Ci(W )
◦ → (Wˇ i)◦ is the restriction to
Ci(W )
◦ of bˇ : C(W ) → Wˇ . Therefore bˇ|C(W )◦ : C(W )
◦ → Wˇ ◦ is a diffeomor-
phism of the interiors C(W )◦, Wˇ ◦.
There are natural projections Π1 : C(W ) → X × Y by composing Π :
C(W ) → W with W →֒ X × Y , and Π2 : Wˇ → X × Y by composing Π × Π :
C(X) × C(Y ) → X × Y with Wˇ →֒ C(X) × C(Y ). Both Π1,Π2 are proper
immersions, and Π1 = Π2 ◦ bˇ. One can prove using Corollary 4.11 that bˇ :
C(W )→ Wˇ smooth with bˇ|C(W )◦ : C(W )
◦ → Wˇ ◦ a diffeomorphism and Π1,Π2
proper immersions with Π1 = Π2 ◦ bˇ together imply that bˇ is a diffeomorphism.
Therefore (4.13) is Cartesian in both Mˇangc and Mˇangcin , as we have to prove.
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For the last part, the grading-preserving property (4.14) holds on the interior
C(W )◦ by (5.35)–(5.37), and so extends to C(W ) by continuity. This completes
the proof of Theorem 4.28.
References
[1] J. Cerf, Topologie de certains espaces de plongements, Bull. Soc. Math.
France 89 (1961), 227–380.
[2] A. Douady, Varie´te´s a` bord anguleux et voisinages tubulaires, Se´minaire
Henri Cartan 14 (1961-2), exp. 1, 1–11.
[3] K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono, Lagrangian intersection Floer
theory — anomaly and obstruction, Parts I & II. AMS/IP Studies in Ad-
vanced Mathematics, 46.1 & 46.2, A.M.S./International Press, 2009.
[4] K. Fukaya and K. Ono, Arnold Conjecture and Gromov–Witten invariant,
Topology 38 (1999), 933–1048.
[5] W.D. Gillam, Log geometry, preprint, 2009.
[6] W.D. Gillam and S. Molcho, Log differentiable spaces and manifolds with
corners, arXiv:1507.06752, 2015.
[7] D. Grieser, Basics of the b-calculus, pages 30–84 in J.B. Gil, D. Grieser
and M. Lesch, Approaches to Singular Analysis, Operator Theory 125,
Birkha¨user, Basel, 2001. math.AP/0010314.
[8] D. Joyce, On manifolds with corners, pages 225–258 in S. Janeczko,
J. Li and D.H. Phong, editors, Advances in Geometric Analysis, Ad-
vanced Lectures in Mathematics 21, International Press, Boston, 2012.
arXiv:0910.3518.
[9] D. Joyce, D-manifolds and d-orbifolds: a theory of derived differential ge-
ometry, to be published by Oxford University Press, 2016.
Preliminary version (2012) available at
http://people.maths.ox.ac.uk/∼joyce/dmanifolds.html.
[10] D. Joyce, D-manifolds, d-orbifolds and derived differential geometry: a de-
tailed summary, arXiv:1208.4948, 2012.
[11] D. Joyce, An introduction to d-manifolds and derived differential geome-
try, pages 230–281 in L. Brambila-Paz, O. Garcia-Prada, P. Newstead and
R.P. Thomas, editors,Moduli spaces, L.M.S. Lecture Notes 411, Cambridge
University Press, 2014. arXiv:1206.4207.
[12] D. Joyce, A new definition of Kuranishi space, arXiv:1409.6908, 2014.
[13] D. Joyce, Some new homology and cohomology theories of manifolds,
arXiv:1509.05672, 2015.
95
[14] D. Joyce, in preparation, 2016.
[15] F. Kato, Log smooth deformation theory, Tohoku J. Math. 48 (1996), 317–
354. alg-geom/9406004.
[16] F. Kato, Log smooth deformation and moduli of log smooth curves, Int. J.
Math. 11 (2000), 215–232.
[17] K. Kato, Logarithmic structures of Fontaine–Illusie, pages 191–224 in J.-
I. Igusa, editor, Algebraic analysis, geometry, and number theory, Johns
Hopkins Univ. Press, Baltimore, MD, 1989.
[18] K. Kato, Toric singularities, Amer. Math. J. 116 (1994), 1073–1099.
[19] C. Kottke, Blow-up in manifolds with generalized corners,
arXiv:1509.03874, 2015.
[20] C. Kottke and R.B. Melrose, Generalized blow-up of corners and fibre prod-
ucts, Trans. A.M.S. 367 (2015), 651–705. arXiv:1107.3320.
[21] J.M. Lee, Introduction to smooth manifolds, second edition, Graduate Texts
in Mathematics, Springer, New York, 2013.
[22] J. Margalef-Roig and E. Outerelo Dominguez, Differential Topology, North-
Holland Math. Studies 173, North-Holland, Amsterdam, 1992.
[23] S. Ma’u, Gluing pseudoholomorphic quilted disks, arXiv:0909.3339, 2009.
[24] S. Ma’u and C. Woodward, Geometric realizations of the multiplihedra,
Compos. Math. 146 (2010), 1002–1028. arXiv:0802.2120.
[25] R.B. Melrose, Pseudodifferential operators, corners and singular limits,
pages 217–234 in Proc. Int. Cong. Math. Kyoto, 1990.
[26] R.B. Melrose, Calculus of conormal distributions on manifolds with corners,
IMRN 1992 (1992), 51–61.
[27] R.B. Melrose, The Atiyah–Patodi–Singer Index Theorem, A.K. Peters,
Wellesley, MA, 1993.
[28] R.B. Melrose, Differential Analysis on Manifolds with Corners, unfinished
book available at http://math.mit.edu/∼rbm, 1996.
[29] B. Monthubert, Groupoids and pseudodifferential calculus on manifolds
with corners, J. Funct. Anal. 199 (2003), 243–286.
[30] A. Ogus, Lectures on Logarithmic Algebraic Geometry, book in progress,
available from http://math.berkeley.edu/∼ogus, 2013.
[31] J. Pardon, Contact homology and virtual fundamental cycles,
arXiv:1508.03873.
96
[32] K. Wehrheim and C. Woodward, Pseudoholomorphic quilts,
arxiv:0905.1369, 2009.
[33] K. Wehrheim and C. Woodward, Quilted Floer cohomology, Geometry and
Topology 14 (2010), 833–902. arXiv:0905.1370.
[34] K. Wehrheim and C. Woodward, Functoriality for Lagrangian correspon-
dences in Floer theory, Quantum Topol. 1 (2010), 129–170.
arXiv:0708.2851.
The Mathematical Institute, Radcliffe Observatory Quarter, Woodstock
Road, Oxford, OX2 6GG, U.K.
E-mail: joyce@maths.ox.ac.uk
97
